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ABSTRACT. Nelson algebras were defined in 1967 by D. Brignole and A. Monteiro in
terms of the language (A,V,—,~,1). In 1962, D. Brignole solved the problem, proposed
by A. Monteiro, of giving an axiomatization of Nelson algebras in terms of the connectives
—, A and the constant 0 = ~1, where the operation — is defined by x — y = (x = y) A
(~y — ~x). In this work we present for the first time a complete proof of this fact, and also
show the dependence and independence of some of the axioms proposed by Brignole.

1. PRELIMINARIES

Nelson algebras or ./ -algebras were introduced by H. Rasiowa [Ras58] as an algebraic
counterpart of Nelson’s constructive logic with strong negation [Nel49]. Later, D. Brignole
and A. Monteiro [BM67, Bri69] gave a characterization using identities, proving that Nelson
algebras form a variety. This characterization was given in terms of the operations A, V, —,
~ and the constant 1.

A different implication operation can be defined by

x—y=(x—=y)A(~y— ~x).

In 1962, Diana Brignole solved the problem proposed by A. Monteiro, of giving an
axiomatization of Nelson algebras in terms of the connectives —, A and the constant O.
This solution was presented at the annual meeting of the Unién Matemética Argentina, and
a summary (containing some typos) was published in [Bri65]; however, to the best of our
knowledge, the corresponding proof has not been published.

In [SVO7], Spinks and Veroff used this axiomatization to prove that the variety of Nel-
son algebras is term equivalent to a variety of bounded 3-potent BCK-semilattices, and
in [SVO08a] and [SVO8b] they proved that using the operation — Nelson algebras can be
understood as residuated lattices, with the product given by the term

xxky=nr(x = ~y) Ve (y — ~x).
As a consequence, the corresponding logic, constructive logic with strong negation, can be
seen as a substructural logic (see also [BC10]).
In this note, we give a complete proof of the axiomatization proposed by Brignole, prove

the independence of some of the axioms from the rest and announce that two of the identities
can be derived from the others, although we only have an automated proof of this fact.

Definition 1.1. A Nelson algebra is an algebra (A, \,V,—,~, 1) of type (2,2,2,1,0) such
that the following conditions are satisfied for all x,y,z in A:

(N1) xA(xVy) =x,

(N2) xA(yVz)=(zAx)V(yAx),

(N3) ~~x=1x,

(N4) ~(xAy) =r~xV oy,
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(N5) xArx = (xArx) A (yVey),
N6) x >x=1,

(N7) xA(x = y)=xA(~xVy),
(N8) (xAy) = z=x—(y—2).

We will denote by .4 the variety of Nelson algebras.

The axioms in this list form an independent set, see [MM96].

By axioms (N1) and (N2) we have that every Nelson algebra is a distributive lattice (see
Sholander [Sho51]). Furthermore, if we define 0 = ~1, we have that 0 and 1 are the bottom
and top element of A, respectively.

In a Nelson algebra we can also define the following operations that will be used in this
work:

o —x:=x—(~1),
e x—y:=(x—=y)A(~y— ~x).

Lemma 1.2. Let (A, \,V,—,~, 1) be a Nelson algebra. The following properties are sat-
isfied in A:
@ x—(Az)=x—=y)A(x—=2),
b)) 1—>x=x
() ~x <rx,
d) (x = x)A(~x— ~x) =1,
(e ~y<y—z
® y<x—y
(g (xVy)—wz=@x—=2)A(—2),
(h) x—=>y=x— (x—y),
Hx—=>x—y)=x—y

Proof. The proofs of these items can be found in [Vig99]. O

The following definition is the set of equations given by Brignole in [Bri65], reordered
and with some typos corrected.

Definition 1.3. A Brignole algebra is an algebra A = (A, Ag,—,0) of type (2,2,0) such
that the following equations are satisfied for all x,y,z € A:
B (x—x)—y=y,
(B2) xAp ~g(xAp~py) =xAp (x —y),
(B3) x— (yAsz) = (x —y) Ap (x — 2),
(B4) x»r—y=~py— ~px,
B5) x— (x = (y = (y—=2))) = (xApy) — ((xApy) —2),
(B6) ~p(~pxApy) — (x—y) =x—y,
(B7) xAg (yVpz) = (zAsX) Vg (y ApX),
(BS) ()C /\B NBX) /\B (y \/B NBy) =X /\B ~BX,
(BY) (x—y)Asy=y,
(B10) xAg (xVpYy)=x,
where
o ~px:=x—0,
e xVgy:=((x—0)Ag(y—0))— 0.

We will denote by Z the variety of Brignole algebras.
We are going to show that % and .4 are term equivalent.
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AN ALTERNATIVE AXIOMATIC PRESENTATION OF NELSON ALGEBRAS 131

2. TERM EQUIVALENCE BETWEEN % AND 4

Let us consider a Nelson algebra A = (A, A,V,—,~,1). Over A we can define the terms

x—y:=(x—=y)A(~y — ~x),
XABY:=xAY,
0:=~1,

~px:=x—0,
xVpy:= ((x—=0)Ag (y — 0)) — 0.

We are going to prove that (A, Ag,—,0) is a Brignole algebra. In order to see that, we
need the following result:

Lemma 2.1. In a Nelson algebra A the following identities hold for all x,y,z € A:

(@) ~px =r~x,
(b) xVpy=xVy,
(©) xA(xVpy) =x xA(yVpz) = (zAx) Vg (Y AX), (X N~px) A (Y Vg ~pYy) = X\ ~pX,
(d) x—x=1,
() x=xA(~x—y)
) 1—-x=x
(& (x—x)—y=y,
(h) (x—y)Ay=y
(i) xA~(xA~y) =xA(x—Y),
@) x— (yAz) = (x—y)Alx—2)
(k) x>—y=rpy— ~px,
M x— (x—= (y— (= 2)) = (xAy) = ((xAy) —2),
(m) ~(~xAy)— (xr=y) =x—y.
Proof. (@) ~pxr=x—0=x— (~1)=(x—= (~1)) A (~~1— ~x) el (x = (~1)) A

(1 = (~x)) 1.2:(b) (x = (~1)) A~x o XA\ ~x 1.;@ ~X.

(b) xVgy=((x—0)A(y—0))—0 o ~(~x A ry) o rorox \ ~ory o xVy.

(c) From item (b) and the definition of Az we have that this result is immediate from
axioms (N1), (N2) and (N5).

From the first two conditions of this item we conclude that (A; Ag,V3) is a dis-
tributive lattice [Sho51]. Therefore, for the rest of the proof, we will use properties
of distributive lattices without explicitly mentioning them.

(d) It follows immediately from Lemma 1.2 (d).
(e) Itis a consequence of Lemma 1.2 (¢) and (N3).

O (I=y)A(~y—=~1) = yA(~y—~1) =y

1.2(b) (o)
@ (yHy)Hx(j)le§X-
(h) x—=y)Ay=((x =) A(~y = ~x)) Ay =((x 2 Y)AY)A(~y = ~x) = yA

1.2(f)
(~y = ~x) =
O xANx—y) =xAx—=>y) A~y = ~x) (I\?) XA (~xVy) A (~vy = ~x) =
(A~ V (XAP)) A (~y = x) = (A ~x) A~y = ~x)) V(0 AY) A~y = ~x))
5 A~V ((AY) A (~y = ~x) = XA (~xV (YA (~y = ~x) 5 (~xVy)

o (~x y)(m)x (xA~y)
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() ¥ (A2) = (> DA A7) 5 ~%) = (=)A= IA(EA =

) = ) A DAy VD) S ~a) = ()AL DAy
~X)A (2= ~x) = (k= Y) A (y = ~x)) A ((x = 2) A~z = ~x) = (xo—
y)A(xo—2).

(k) Itis an immediate consequence of the definition of — and (N3).

) x—= (x—= (y—= (y—12))) w7 y—12) ) (xAy) =z i (xAY) = ((xA

y) = 2).
(m) Observe that ~(~xAy) — (x —y) > x»— y follows from (h). Let us see the other
inequality. From the definition of »— , we can deduce the following: u — v <u —v.

Therefore, we have that ~(~xAy) — (x — y) < ~(~xAy) = (x —y) = (xV
(&

) = (F = ) Ay = ) = (V) = (e ) AV ~y) = (o
~)).
Therefore,

~(~aAy) = (o= y) < ((0Vey) = (R =2 9) AV ~y) = vy = ~x). (D

Now, (xV ~y) = (x =) ) (x—=(x=y)A(~y = (x—=y)) = (x—=y)A
(~y — (x —y)) < x—y. Hence,

(xVry) = (x—=y) <x—y ()
On the other hand, (xV ~y) — (~y — ~x) l.;g) (x = (~y = ~x))A(~y = (~y—
~x)) ]42:(0 (x = (~y = ~x)) A (~y = ~x) ].2:(f) ~y — ~x. Then,
(xV~y) = (~y = ~ox) =~y = ~ox 3)
From (1), (2) and (3) we conclude that
~(~xAy) = (= y) S (= y) A~y = ~x) =x0— . O

Theorem 2.2. Let A = (A,\,V,—,~,1) be a Nelson algebra. Then (A,N\g,—,0) is a
Brignole algebra.

Proof. From items (g), (h), (i), (j), (k), (1) and (m) of Lemma 2.1 it follows that A satisfies
(B1), (B9), (B2), (B3), (B4), (BS) and (B6), respectively. The axioms (B10), (B7) and (B8)
are verified considering Lemma 2.1 (c). O

Now, let us consider an algebra A = (A, Ag,—,0) of type (2,2,0) that satisfies equations
(B1) to (B8). We define over A the following:

XAy :=xApY,
xVy:=((x—=0)As (y—10)) —0,
x—yi=x— (x—y),
~xi=x—0,

1:=0—0.

Our goal now is to prove that (A, A,V,—,~, 1) is a Nelson algebra. Since we are going
to prove later that the equations (B9) and (B10) can be proved from the other ones, we
separate here the identities that can be proved without using those two equations.
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AN ALTERNATIVE AXIOMATIC PRESENTATION OF NELSON ALGEBRAS 133

Lemma 2.3. In an algebra (A, \g,—,0) of type (2,2,0) satisfying equations (B1) to (B8),
the following conditions are satisfied for all x,y,z € A:

(a) ~1=0,

b) 1=1—1,

() 1 —-x=x,

(d) ~~x=x,

(&) ~(xVy) =nraA~y,

() ~(xAy) = ~xV ~y,

(@) xA(x—=y)=xA(~xVYy),

(h) (xAy) = z=x—(y—2),

(1) x — x =1, and in particular, x — x =y > y.

Proof. (a) ~1=~(0—0) = (0—0) HO(;)O.

b)) 1=0—0 = ~0—~0=(0—0 0—0) =1 1.
(b) — = — (H)H(H)def. —

©l—x=(1—-1)—x = x
(b)( ) (B1)

@ x = (r=y) = x = 02 0) = (6=y) = 0) = (= 0) =0 = v

© ~xvy) = (0= )AL = 0)) = 0) = ~(~(~xAny)) S ~x Ay,

(f) It follows from items (d) and (e).

(@) XA (=) = XA (0= (1)) = TAS(EAE=Y) | = EA (e (e

y) = (xA~x)V (XA (x—y)) ) (X A~X)V (X A~(XA~Y)) =xA (~xV(x A
~y)) ax/\(wx\/(wx\/wfvy)) (dZ)x/\(Nx\/Nx\/y) =xA(~xVy).

(h) By (BS), (xAy) = z=(xAy) — ((xAy) —2) =x— (x— (y— (y—2)) =x—
(y = 2).

(i)XHx?(()w—wc)HO)HO) 0—0=1. O

(;) def.

Lemma 2.4. In a Brignole algebra A the following conditions are satisfied for all x,y,z € A:

(@) xA(xVy)=x,xA(yVz) = (zAx)V(yAx) and (x N\~x) A (yV ~y) = x A\ ~x,
(b) xvV1=1,

) x—1=1,

dx—x=1.

Proof. (a) Itis an immediate consequence of (B10), (B7) and (BS8).
From now on, we will use the fact that the reduct (A, A, V) is a distributive lat-
tice [Sho51], with all its inherent properties.

() x o def. ( o ) Lemma 2.3(d) ( * ) def. ((X ) ) (B9)
0—0=1.

By this result, we can conclude that 1 is the top element of A.
© IAN(x—1) (:) 1, then 1 <x»— 1. By (b), the equality follows.
B9

@x—x=x—(x—x) = x—1=1. O
Lemma 2.3(i) (c)
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Theorem 2.5. Let (A, N\g,—,0) be a Brignole algebra. Then A = (A,\,V,—,~,1) is a
Nelson algebra.

Proof. By Lemma 2.4 (a), A satisfies (N1), (N2) and (N5). The items (d), (f), (g) and (h)
from Lemma 2.3 prove the validity of (N3), (N4), (N7) and (N8), respectively, while Lemma
2.4 (d) proves (NO). ]

Theorem 2.6. The varieties of Nelson and Brignole algebras are term equivalent.

Proof. 1f a Nelson algebra (A, A,V,—,~, 1) is obtained from a Brignole algebra (A, A\, —,
0) as in Theorem 2.2, and if we define x = y := (x — y) A (~y — ~x), we obtain x = y =
X—y:

x=y == y)A(~y =) = (0= (0= 3) A~y = (v = ~x)

(;) (x— (x—=y)A(~y— (x—y)) (;) (~(x = y) = ~x) A (~(x = y) — y)

a3y ~E ) [ Ay) = AY) s (x0my) = Xy

If a Brignole algebra (A, Ag,—,0) is obtained from a Nelson algebra (A, A,V,—,~, 1)
as in Theorem 2.5, when we define x ~~ y := x — (x — y), we obtain that x ~> y = x — y.
This is a consequence of Lemma 1.2 (h). ]

3. INDEPENDENCE OF BRIGNOLE AXIOMS

A natural question is which axioms of Definition 1.3 are independent. We have the
following result:

Theorem 3.1. In the variety B the axioms (B1), (B2), (B4), (B6) and (B7) are indepen-
dent.

Proof. The examples in this section have been found by the programs Prover9 and Mace4
[McC10]. For each example, we indicate the elements for which the equation fails, while
the rest of them have been checked to hold.

3.1. Independence of (B1).

Axiom (B1) fails considering x = a and y = 0. Indeed: (a —a) — 0=a—0=a #0.

3.2. Independence of (B2).

— [0 a b 1 A |0 a b1
o1 1 11 0[0 00O
alb 1 1 1 al0 a a a
bla 1 1 1 b0 a b b
110 a b1 110 a b1
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0

Axiom (B2) fails considering x =a and y = b.
Indeed: a/\g ((a/\B (b >—>0>) — 0) =alg ((a/\BO) >—>0) =alg (0 >—>0) :a/\BOZO,
anda/Ng (a—b)=aNgl =a.

3.3. Independence of (B4).

— 10 a b ¢ 1 A0 a b ¢ 1
0/1 1 1 1 1 0/0 OO OO
alc 1 1 1 1 al0 a a a a
bbb 1 1 1 1 b0 a b b b
cla a b 1 1 c|l0 a b ¢ ¢
110 a b ¢ 1 110 a b ¢ 1
1
c
b
a
0
Axiom (B4) fails considering x = c and y = b.
Indeed: ¢ — b=b,and (b—0) — (c—0)=b—a=1.
3.4. Independence of (BS).
— |10 a b ¢ d e 1 A0 a b ¢ d e 1
01 1 1 1 1 11 0/0 OO O O0OO0OO
ale 1 e 1 1 1 1 al0 a 0 a a a a
bld d 1 1 1 1 1 b0 O b b b b b
clec d e 1 1 1 1 c|l0 a b ¢ ¢ ¢ c
dlb ¢c b e 1 e 1 d|0 a b ¢ d ¢ d
ela a ¢c d d 1 1 e|l0 a b ¢ ¢ e e
110 a b ¢ d e 1 110 a b ¢ d e 1
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1

d e
c

a b
0

Axiom (B5) fails considering x = e,y =d and z = 0.
Indeed: ¢ — (e — (d — (d —0))) =e— (e — (d— b)) =e— (er—>b) =e—c=d,
and (eNgd) — ((eNgd) —0)=c— (c—0)=c—c=1.

3.5. Independence of (B7).

— [0 a b 1 Ae |0 a b1
o1 1 11 0[0 00 O
ala 1 1 1 al0 a a a
b|b 1 1 1 b|O b b b
1|0 a b1 110 a b1

Axiom (B7) fails considering x =b,y=0and z =a.

Indeed: b/\B (O\/B Cl) = b/\B (((0 — 0) B (a — 0)) — O) = b/\B ((1 /\Ba) — 0) =
b/\B(a>—>0) :b/\BCl:b, and (a/\Bb)\/B (O/\Bb) :CIVBOZ ((a>—>0)/\g (OHO)) —
0=(angl)—0=a—0=a. O

4. DEPENDENT AXIOMS

In this section we will prove that axioms (B9) and (B10) can be derived from the other
axioms for Brignole algebras.

Lemma 4.1. Let A be an algebra (A, Ag,—,0) satisfying the axioms (B1) to (B8). The
following properties are satisfied for all x,y,z € A:
(@) x=(x—0)— (xAz0),

(b) 0A30=0,
(©) xA\py =yNpx,
(d) xA\gx=x,
(e) Ong1 =0,
(f) xAg0=0,
(g) xVpx=x,

(h) xVpy=yVpx,
() xAp(yVez) = (xAgYy) Vs (X Ap2),

(G) xvpl=1
Proof.
() x = (x—0)—0=r~x—0 = ~(~~xAg0) — (~x—0) =
Lemma 2.3 (d) (B6) Lemma 2.3 (d) and def. ~
~(xAg0) — ~rx = ~x— (xAg0) = (x — 0) — (x A5 0).

(B4)

Actas del XVI Congreso Dr. Antonio A. R. Monteiro (2021), 2023



AN ALTERNATIVE AXIOMATIC PRESENTATION OF NELSON ALGEBRAS 137

(b) Taking x to be 0 in (a), we have that 0 = (0 — 0) — (0 Ag 0) (:) 0AgO0.
BI

(c) X/\ByLemm?Z.S(d) ((xAgy)—0)—0 (b:) ((xAgy) — (0A0)) —0 )

((xAsY) — 0) Ag ((xAgy) — 0)) — 0= (x*AsY) Ve (xABY) (;)y/\g (x Vg x) =

y A (((x—0) A (x—0)) — 0) & y A ((x— (0A50)) — 0) (f)yAB (x—0)—
0) Lemma 2.3 (d)y /\B .

(d) xAgx Lemmaa @~ Np ~rox = ((x—10)—0)Ag ((x—0) —0) ) (x—0) —

(0 /\B 0) (fﬁ (x >_) 0) —0 dﬁ. e Lemma:2.3 (d) -

(e) We notice that x = (x — 0) — (x A5 0) e "X (0NAgx).
¢), def.

(a)
Replacing x with ~y, we obtain the equivalent

~y =y (0Ap~Y). (1)

Using (B2) and the definition of ~, we have that 0 Ag (0 — x) = 0 Ag ((0 A (x —
0)) = 0). Then

(OAg (x—0)) — (0Ag (0 —x)) = (0Ag (x — 0)) — (0A (0N (x — 0)) — 0). (2)

The right side of (2) is of the same form as the right side of (1) taking y to be 0 Ag (x —
0), so we can rewrite (2) as

(0 Ag (x— 0)) — (0 A5 (00— x)) = (0Ag (x — 0)) — 0. 3)
Replacing x by 0 in (3), we obtain
(0 /s (0 >_) O)) —0= (0 /B (0 >—) O)) >—> (0 /e (O >—> O)) Lemmf2.3 (1) >—) Lemm?Z.S [6)) 0 0’
that is,
(0N (0—10))—0=0—0. 4)

By Lemma 2.3 (d), (4) is equivalent to
0Ag (0—0)=0.

Therefore, 0 Ag 1 = 0.
(f) See the Appendix.

(&) xVix = ((x—=0) Ag (x —0)) —0 @ (= 0)—=0 = e

(h) xVpy = (x—0)Ag (y—0)) HO@ ((y — 0) A (x—0)) >—>0de:f yVpXx.
(i) xAg (yVB2) ) (zABx) Vg (y Agx) 5 (xA\pz) VB (x A Y) 5 (xAsy) Ve (xApz).
Q) Ve ! Lemma:2.3 (d)

~0 = 1.
def.

NNX\/B NNl = N(Nx/\B Nl) = N(Nx/\B 0) =
Lemma 2.3 (f) Lemma 2.3 (a) (f)

O
We are now in a position to show the following:

Theorem 4.2. An algebra (A, N\g,—,0) of type (2,2,0) is a Brignole algebra if and only if
it satisfies the following equations for every x,y,z € A:

B (x—x)—y=y,

(B2) X N\p NB(.X Np NBy) =Xx/\p (X — y),

(B3) x — (yApz) = (x—y) Ap (x—2),

(B4) x»r—y = ~py — ~px,
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(BS) x— (x—= (y—= (y—2))) = (xAgy) — ((xApy) — 2),
(B6) ~p(~pxApy) — (x—y) =xr>y,

(B7) xNg(yVpz) = (z2Ax) Vg (y Apx),

(B8) (xAp~px) Ap(yVp~py) =XxApr~px,

where ~px :=x— 0 and xVpy:= ((x — 0) Ag (y — 0)) — 0.
Proof. One of the implications is immediate. For the other one, let us prove (B9) first.

(=3 Ay = (0= 0) = (x = 0)) Any

Lemma 2.3 (d) (= 0) = (x>—=0)) Ag (y—0) — 0 (]3:3) (y>—0)— ((x—0)Ag0)

= 0 0 = .
Lemma 4.1 (f) (y ~ ) ~ Lemma 2.3 (d) Y

Hence, we have (B9).
Using Lemma 2.3 (f) and Lemma 4.1 (i), (h), and (c), we have

~(xAg~y) Ag ~(zA\g ~y) = ~(~yAg (zVpXx)).

Taking z = 1 we obtain

~(x A\ ~y) Ap ~(1 Ag~y) = ~(~y A (1 VpX)). (1)
Notice that
¢ (B9) s (2 2) Lemma 2.3 () el Lemma 4.1 () 17ez,
that is,
z=1Mpz. (2)

Taking z = ~y in (2), and replacing that in (1), we obtain
(A ry) Ap oy =~y Ap (Ve 0)) | == (A )

Lemma 4.1 (c) Y Lemma2.3 @ >
and (2)

by Lemma 2.3 (d) we have that
~(X A ~Y) Ay =,

and by Lemma 4.1 (i), Lemma 2.3 (d) and Lemma 4.1 (c) it follows that

y=YAs (~xVpY). 3)

If we change y and x in (3) by x and ~y respectively (and use Lemma 4.1 (h)), we obtain

(B10). O
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APPENDIX

The following proof has been adapted from the output produced by the program Prover9

[McC10]. For simplicity we are going to replace Ag with A.

S G e e

e e S S
O XN A WN—~ OO

xVey=((x—0)A(y—0))—0 definition of Vg
~x=x—0 definition of ~
(x—x)—y=y (B1)
XA~(XA~Y) =xA(x—y) (B2)
XA ((xA(y—0))—0) =xA(x—y) by (2) and (4)
X (4AZ) = (1 ) A (1 — 2) (B3)
(=)A= 2)=x— (yA2) by (6)
Xr— Y=~y ~X (B4)
x—=y=(y—0)—(x—0) by (2) and (8)
x—= (x— (y—= (y—=2)) = (xAY) — ((xAY) — 2) (BS)
~(~xXAY) = (X y) =x0—y (B6)
(= 0)AY) = (k= y) =x—y by (2) and (11)
(k= 0)Ay) = 0) = (x—y) =x—y by (2) and (12)
. xA(yVpz) = (zAx) Ve (yAx) (B7)
XA (= 0)A(z—0)) — 0) = (((zAx) — 0) A((yAx) — 0)) — 0 by (1) and (14)
X X=Yro Y by Lemma 2.4 (i)
L XAYy=YyAx by Lemma 4.1 (c¢)
L XANX=X by Lemma 4.1 (d)
.0=0A(0—0) by Lemma 4.1 (e)
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20.
21.
22.
23.
24,
25.
26.
217.
28.
29.

30.

31.

32.

33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.

51.
52.

x—0=x— (0A(x—0)) by Lemma (4.1), (e), item (1)
XA ((XA0) — 0) = xA (x— (v — ) by (3) and (5)
(=) A((x = (YA0)) —0) = (x = y)A((x —y) — x) by (7) and (5)
(x—=0)— ((y—y)—0)=x by (9) and (3)
(x—0)—0=x by (3) and (23)
0— (x—0)=x—(y—y) by (3) and (9)
XA (x—=y) =xA((y— 0)— (x—0)) by (9)
(x—=y) A ((y—=0)—2)=(y—0)— ((x—0)Az) by (9) and (7)
(k= 0) = y)A(z—x) = (x—0)— (yA(z—0)) by (9) and (7)
(x— (AZ) = (k=)A= 2) = u)=(x—y) — (k= y) = (k= 2)—
((x—2)—u))) by (7) and (10)
(x—= (YAZ) = (x> (YAZ) —u) = (x = y) = (ko= y) — (ko= 2) = (-
z) — u)))

by (7) and (29)
(xAY) = (x—= (xo—= (y—= (y—2)) =x— (x> (= (= (kAy) — 2))))

by (10)
(AY)A(xAY)) = (KAY)A(xAY)) = 2) = (xAy) = (xo—= (0= (= (= (kA
y) —12)))))
by (10)

(xAY) = ((kAY)A(xAY)) = 2) = (xAy) — (x—= (xo—= (y— (v — ((xAy) —2)))))

by (18) and (32)

(xAY) = ((xAy) = 2) = (xAY) = (0= (x> (y— (= ((xAy) —2))))) by (18)
and (33)

x—= (x= (¥ (= 2)) = (xAY) = (0= (0= (o= (V= (kAY) — 2)))))
by (10) and (34)

X (0= (y= (y—=2) =x0—= (0= (= (= (kAY) = ((xAY) —2)))))

by (31) and (35)
=@ (= =) == = (= (= o= (0= (0= (0= 2))))))
by (10) and (36)
() = 0) s ((((x— 0) Ay) > 0) — 0) = x > y by (13) and (9)
(x—y)—0)— ((x—0)Ay)=x—y by (24) and (38)
xVe ((y—=0) Az = 0)) = (A (x = 0)) = O) A ((YA (x = 0)) — 0)) — 0) — 0
by (15) and (1)
(0= O)A(((y = 0)A (2= 0)) = 0)) — 0= ((((zA (x>—=0)) = O)A (YA (x— 0)) —
0)) = 0) — 0 by (1) and (40)
(= O)A (= 0)A(2=0)) = 0)) = 0= ((zA(x—0)) = O) A((yA(x — 0)) — 0)
by (24) and (41)
(xA(y=0)) = 0)A(((z= 0)A(x = 0)) — 0) = (A (x = 3)) = 0) A((zA ((xA
(y—0))—0)) —0)) =0 by (5) and (15)
(XA (= 0)A(z=0)) = 0)) A((((zAX) = 0) A ((yAX) = 0)) — ) = (((zAx) —
0)A((yAx) —0)) — (0Au) by (15) and (7)
(x—=x)A(y—2)=y— (yAz) by (16) and (7)
(x—=Y)A(z—=2) =x— (yAX) by (16) and (7)
(xAy) = (2= 2) =x— (x = (y = (y— (xAy)))) by (16) and (10)
00— ((xAy)—0)=x— (x— (y— (y— (xAY)))) by (25) and (47)
((x—=0)Ax)—0) — (yr—y)=x—x by (16) and (13)
(xA(x—0))—0)— (yr—y) =x—x by (17) and (49)
0 ((xA (x — 0)) = 0) — 0) = x > x by (25) and (50)
0— (xA(x—0))=x—ux by (24) and (51)
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53. xA
54.
55.
56.
57.
58.
59.
60.
61.
62. xA
63.
64.
65.
66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.

T7. x A
78. xA
79. xA
80.
81.
82.
83.
84.
85.
86.
87.
88.

89.
90.
91.
92.
93.
94.
95.

96.
97.
98.

(3= 0)Ax) —0) =xA(x—y)
(x = 0) A ((x—0)—0) = (x— 0) A(
(x—0)Ax=(x—0)A((x—0)—x)
XA (x—0)=(x—0)A((x—0)—x)
x = ((xAx) = y) =x0— (0= (xo— (x> y)))
X (X y) =x0— (0= (xo— (x—Y)))
(x—0)—0)— (x— (x—0)) =x— (x—0)
x— (x—(x—0)=x— (x—0)
OAN(0—0)=0A(0— (x—x))

(xAy) = 0) =xA(x— (y—0))
xA((x—=0)—y) = (x—0)— (0AYy)
(x—0)—y)Ax=(x—0)— (yAO)

XA ((x—0)—y) = (x—0)— (yAO)

x> (y—0)=y— (x—0)
(x—=0)—y=(—0)—x
(((x—0)—0)A0) —0) —x=(x—0)—0
(xA0)—0)—x=(x—0)—0

(x—0)— (xA0)=(x—0)—0

(x—0)— (xAN0)=x
(
(
(

(x—=0)—x)

x—0)— (0Ax)=x
(x—=0)—x)A((x—0)—0)=x
(x—0)—x)Ax=x
XA ((x—0)—x)=x
(= 0) = 0) A (((x—0) —
and (22)
(((xr=0) = (0A0)) — 0) = ((x = 0) — 0) A (x = (x — 0))
(((xr=0) = 0) = 0) = ((x = 0) = 0) A (x = (x— 0))
(0= 0) = ((x=0) = 0) A (x — (x—0))
XA (x—0)=xA(x— (x —0))
(x = 0) A (x— )—XH((/\(X ) AY)

(0ON0)) —0)=((x—0) —0)A

(@A (ur—u))

(x—= (=) —=0)— (OA((x— (y—1y))
A( (y—y) —
Ne=(yr—=y)— (zA (u—u))
— (0N (z2—0)) =y r—y)—
— (0A (20— 0)) =z A (4 — u)
y) = (x—0) — (0N (x—0))
=y ((wr—u)Ay)

— (0OA((y = (2= 2)) —0))

yr—=y)—2)=

(@A (ur—u))

0—y)—0))

by (17) and (5)
by (18) and (5)
by (24) and (54)
by (17) and (55)
by (18) and (10)
by (18) and (57)
by (18) and (13)
by (24) and (59)
by (18) and (21)
by (24) and (5)
by (24) and (7)
by (24) and (7)
by (17) and (64)
by (24) and (9)
by (24) and (9)
by (24) and (13)
by (24) and (68)
by (67) and (69)
by (24) and (70)
by (71) and (17)
by (71) and (7)
by (24) and (73)
by (17) and (74)

(x — (x—0)) by (9)

by (24) and (76)
by (18) and (77)
by (24) and (78)
by (24) and (79)

by (20) and (7)

by (7) and (81)

by (52) and (7)
by (16) and (17)
by (24) and (45)
by (17) and (85)
by (25) and (45)

0— (0N (x—0)) by (86) and

by (84) and (45)
by (3) and (89)
by (86) and (90)
by (3) and (91)
by (92)

by (84) and (45)

=y— ((u—u)Ay) by (86)and

by (88) and (95)
by (86) and (96)
by (86) and (83)
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99.
100.
101.
102.
103.

104.
105.
106.
107.
108.
109. x

110.
111.

112.

113.
114.
115.
116.
117.
118.
119.
120.
121.

122.

123.

124.
125.
126.
127.

128.
129.

(XAY) A= (x= (y—= (y=10)))) = (xAY) A((xAy) —0) by (10) and (80)
(0= (0= (= (= 0)) A (xAY) = (xAY) A((xAy) —0) by (17) and (99)
(x—= ) A (V= 0)A (= x)) — 0) = (XHX)/\y by (3) and (53)
EXHX)A((yH(O/\y)) 0) = (x—x)A by (46) and (101)

(= (0Ay)) —0)—0) — (_ Ay (OAy))HO)HO))Z(XHX)/\y by (86)

((0—0)— (y— (0AY))) — (OA(((y — (0AY)) — 0) — 0)) = (x —x) Ay by (67)
and (103)

(y = (0Ay)) — (OA(((y — (0AY)) — 0) = 0)) = (x> x)Ay by (3)and (104)
(y = (0Ay)) — (OA((0—0) — (y— (0AYy)))) = (x—=x)Ay by (67)and (105)
(y = (0AY)) = (OA(y— (0AY))) = (x = x) A by (3) and (106)
(x — (0AX)) — (O/\( (0AX))) =(x—0)— (0OA(x—0)) by (86)and (107)
A(yAx) —0) =xA(x— (y—0)) by (24) and (53)
x>—>(x>—>(0>—>(x 0))) =x— (x —x) by (25) and (58)
(o (1A 2)) o () = (2 ) 0 (6 3) o (60 2) o (6 2) o (2
(¥A2)))))
by (16) and (30)
0 (1 (AZ) = 0) = (r— 3) o (¥ ¥) — (X 2) o (¥ 2) o (5
(¥A2)))))
by (25) and (111)
(1= (AD) = (6= 3) = (6 3) = (6 2) = (6 = 2) = ) = (£ y) —
(£ ) = (10 2) = (= 2) = ((x— (1AD) —w))) by (30) and (30)
(OAX)A((OAX)A(((0AX) — 0) —x)) =0Ax by (63) and (75)
(OAX)A((OAX)A((x—0) — (0AX))) =0Ax by (67) and (114)
(OAX)A((0OAX)AXx) =0Ax by (72) and (115)
(OAX)A(xA(xA0))=0Ax by (17) and (116)
XA ((x—0)— (0— (y—1y)))=(x—0)— (0A(0—0)) by (61) and (63)
(0x) — (((0AX) A (FA (XA0))) — y) = (0Ax) — (0Ax) — ((xA (xA0)) — ((xA
(xA0)) —y)))
by (117) and (10)
(0Ax) = ((0Ax) =) = (0Ax) = ((0Ax) = ((xA (xA0)) — (A (xA0)) —¥)))
by (117) and (119)
0= (00— (x—= (x—=))) = (0Ax) = ((0Ax) = ((xA (xA0)) — ((xA (xA0)) —)))
by (10) and (120)
00— (00— (x—= (x—=))) = (0Ax) = (0AX) = (x = (x = ((xA0) — ((xAO) —
y))))
by (10) and (121)
0 (0= (x> (1)) = (OAR) — ((OAR) — (¥ (¥ (x> (1 (0 — (0
)
by (10) and (122)
0 (0= (x— (1= 1))) = (OAL) — ((0A%) — (x = (x — (0 — (0 1))))
by (58) and (123)
0 (0= (1 (1)) =0 (0 (¥ (= (x = (x (0= (0 — 1)))))))
by (10) and (124)

0 (0= (x = (x = 1)) = 0= (0= (x— (x = (0= (0=1))))) by (58) and
(125)

(0AX) — ((OA((OAX) — 0)) Ax) =y —y by (16) and (82)
(0AX) — ((0A(0— (x—0))) Ax) =yry by (62) and (127)
(OAX) — (xA(OA(0— (x—0))))=y—y by (17) and (128)
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130.
131.
132.
133.
134.
135.
136.
137.
138.
139.
140.
141.
142.
143.
144.
145.
146.
147.
148.
149.
150.
151.
152.

153.

154.

155.

156.

157.

158.

159.
160.

161.

162.

163.

AN ((x—0)— (00— (y—y))=(x—0)—0 by (19) and (118)
AN ((x—0)— (00— (y—y)))=x by (24) and (130)
OAN(0— (x—x))=0 by (19) and (61)
(x—0)—0)A0—x)=(x—0)—0 by (19) and (28)
xA(0—x)=(x—0)—0 by (24) and (133)
xA(0—x)=x by (24) and (134)

(x— (00— (x—0))—0)— (x—0)=x— (0— (x—0)) by (135) and (39)
(0— (x—0)) by (66) and (136)

0—0)— (x— (00— (x—0)))=x—(0— (x—0)) by (67) and (137)
X ) by (3) and (138)

X x) = x— (0 (x— 0)) by (110) and (139)
(0= (0= (0—=x)))A (0= (0—x)) =0 (0= (0 —x)) by (58) and (135)
(0— (0—x)A(0— (00— (0—x)))=0—(0— (0—x)) by (17) and (141)

0 (0= x) = 0 — (0— (0 — x)) by (135) and (142)
XA(((0—= (y—=)) = 0) = ((x—=0) —0)) = x by (9) and (131)
A (0= (y—=y))—0)—x)=x by (24) and (144)
(x—x)—0)— (x—0)=x— (00— (x—0)) by (140) and (9)
0 (x> 0) = x — (0 — (x — 0)) by (3) and (146)
(1 0) = (0 (x> 0) = 0)) = (x = 0) > (x 2) by (9) and (140)
(x—0)— (0—x)=(x—0)— (x—x) by (24) and (148)
(x = 0) — (0 x) =0 — ((x — 0) — 0) by (25) and (149)
(x—0)— (0—x)=0—x by (24) and (150)
(XAY) = (($AY) = ((eAY) = (xAY))) = 2= (x = (3= (v = (0= ((xAy) — 0)))))
by (140) and (10)
(xAy) = (0= ((xAy) = 0)) =x = (x—= (y—= (y = (0= ((xAy) —0)))))

by (25) and (152)
(xAY) = (0= (= (= (v (xAY))))) = x0— (x = (y—= (= (00— ((xAy) —

0))

by (48) and (153)
xo—= (= (v (= ((AY) = (xAY))) =x0—= (ko= (y—= (v = (0= ((xAy) —
0)))))

by (31) and (154)
x—= (0= (y—= (00— (y—0))) =x— (x— (y— (y— (0= ((xAy) —0)))))

by (25) and (155)
x—= (= (00— (y—0)) =x— (xr= (y— (y— (00— ((xAy) —0))))) by (147)

and (156)
x—= (x0—= (0= (y—=0))) =x— (x— (yr= (y—= (x= (x = (y—= (= (xA¥))))))))
by (48) and (157)
X (x= (00— (y—0))) =x— (x—= (y— (y— (xAY)))) by (37) and (158)
(x—= (yA2) = ((x—= (YAZ) = ((x = (YA2)) = (x = (YA2)))) = (x— y) — ((x —
y) = ((x—=2) = ((xr—2) = (00— ((x— (yAz)) —0))))) by (140) and (30)
(x—= (YAZ)) = (0= ((x = (yA2)) = 0)) = (x = y) = ((x = y) = ((x = 2) —
((x—=2) = (00— ((x— (yAz)) —0))))) by (25) and (160)
(x—= (yAZ) = ((x = y) = ((x—= ) = ((x = 2) = ((x = 2) = (x = (YA2)))))) =
(x—=y) = ((x—=y) = ((x—2) = (x> 2) = (00— ((x— (yAz)) —0))))) by
(112) and (161)
(=)= ((x—=y) = (k= 2) = (x—=2) = (0= (AZ) = (o= (YAZ)))))) =
(x—=y) = (k=)= ((x—2) = (x> 2) = (00— ((x— (yAZ)) —0))))) by
(113) and (162)
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164.

165.

166.

167.

168.
169.

170.

171.
172.
173.
174.
175.
176.

177.

178.

179.

180.

181.

182.

183.

184.

185.
186.
187.
188.
189.
190.
191.
192.
193.

(x—=y) = ((x—=y) = ((x—2) = (00— ((x—2) —0)))) = (x—y) — (x—y) —
(x—=2) = ((x—2) = (00— ((x— (yAz)) —0))))) by (25) and (163)
(x—=y) = (k=) = (00— ((x—2) = 0))) = (x—=y) = (x—y) — (x—2) —
(x—=2) = (00— ((x— (yAz)) —0))))) by (147) and (164)
(x—=y) = (k=) = (00— ((xr—>2) —0))) = (x—=y) = (x—y) — (x—2) —
(x=2) = (k=) = (=) = (k= 2) = (0= 2) = (x— (¥A2)))))))))

by (112) and (165)
(x—=y) = (k= y) = (00— ((xr—2) —0))) = (x—y) = (x—y) — (x—2) —
(x—=2) = (x— (yA2))))) by (37) and (166)
0— ((xAy)—0)=x— (x— (00— (y—0))) by (159) and (48)

0 ?(g(lxz? (YAz2)) = 0) = (x—=y) = ((x —y) — (00— ((x—2) —0))) by (167)
(0= x) A(((0—x) = 0) —y) = ((0—x) — 0) — (((x —0) — 0)Ay) by (15D
and (27)

(0= x) A(((0—x) —0) —y) = ((0—x) — 0) — (xAY) by (24) and (170)
(0= (0= 1)) A (0= 3) = 0 (0 (0 2)) A ) by (143) and (7)
0 (0= x) Ay) = 0 ((0— (0 x)) AY) by (7) and (172)
(xAO)A((0— (y—y)A(((0— (y—1y))—0)—x))=xA0 by (65) and (145)
(xAO)A(((0— (y—=1y)) = 0) = ((y—=y) Ax)) =xAO by (171) and (174)
(xAO)A(((0— (y—)) —0)— ((x—0)— (0A(x—0)))) =xA0 by (86) and
(175)

(0N (0—0)) >—>O)/\((x/\((0>—>0) — 0)) — 0) = (((0—0) >—>O)/\(((x>—>0)/\
((0— 0) > 0)) — 0)) — 0 by (56) and (42)
(0= 0)A((xA((0—0)—0))—0)=(((0—0)—0)A(((x—0)A((0— 0) —

0)) —0))—0
by (135) and (177)
(0—0)A((xA0)—0)=(((0—0)—0)A(((x—0)A((0—0)—0))—0))—0
by (3) and (178)

((xA0) = 0) — 0) = (OA (((xA0) — 0) = 0)) = (((0 > 0) == O) A(((x — 0) A ((0—
0)—0))—0))—0 by (86) and (179)
((0=0)— (xA0)) — (OA(((xA0) — 0) — 0)) = (((0— 0) — O) A (((x— 0) A((0—
0)—0))—0))—0 by (67) and (180)
((;;)/\ )>O—>(0A(((xA0)H0)>—>0))=(((0H0)HO)/\(((XHO)A((OHO)HO))H

by (3) and (181)
(xA0) = (0A((0—0) — (xA0))) = (((0—0) — 0) A(((x— 0) A ((0— 0) — 0)) —

0)) —0

by (67) and (182)
(xA0) — (0N (xA0)) = (((0—=0) — 0) A (((x — 0) A ((0—0) — 0)) — 0)) — 0
by (3) and (183)
(xA0) — (0A(xA0)) = (OA (((x — 0) A((0>— 0) — 0)) —0)) — 0 by (3) and (184)
(+A0) — (0 (xA0)) = (OA (((x — 0) A0) = 0)) — 0 by (3 and (185)
(xA0) — (0A (xA0)) = (0A ((0A (x — 0)) — 0)) — 0 by (17) and (186)
(xA0) — (0A (xA0)) = (0A (0 — ((x — 0) > 0))) 0 by (62) and (187)
(xA0) — (0A (xA0)) = (0A (0 — x)) ~— 0 by (24) and (188)
(0AX) — (XAD) =y — y by (16) and (17)
(OAX) — (y—y)=0— (00— (x — (x— (xA0)))) by (190) and (10)
00— ((0AX) — 0) = 0 (0 — (x— (x — (xA0)))) by (25) and (191)
0—(0— (00— (x—0))=0— (0— (x— (x— (xA0)))) by (168) and (192)
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194.
195.
196.
197.
198.
199.
200.
201.
202.
203.
204.
205.
206.
207.
208.
209.
210.
211.
212.
213.
214.
215.
216.
217.
218.
219.

220.

221.
222.
223.

224.
225.

0— (00— (x—0)=0— (0— (x— (x— (xA0)))) by (143) and (193)
(OAX)A((xA0) —0) — ((0AX) — 0)) = (0AX)A(y —y) by (190) and (26)
(£ x) — 0) — ((0A¥) — 0) A (YAD)) = (0AY) — (yAO) by (190) and (39)
0— (((0Ax) — 0)A(xA0)) = (0AX) — (xAO) by (3) and (196)
(0Ax) = ((0Ax) = ((0Ax) = (y—=))) = (0Ax) — ((0Ax) — (xA0)) by (190)

and (58)

(0Ax) = ((0Ax) — (00— ((0Ax) — 0))) = (0Ax) — ((0Ax) — (xAO)) by (25)

and (198)

(0Ax) = ((0Ax) — (00— (0= (0= (x—0))))) = (0Ax) — ((0AX) — (xA0))
by (168) and (199)

(0Ax) = ((0AX) = (0= (0= (x — 0)))) = (0A%) — ((0AX) — (xA0)) by (143)

and (200)

0= (0 (x= (x— (0= (0 — (x= 0)))))) = (0Ax) — ((0Ax) — (xA0))

by (10) and (201)
00 (0 (= (x (v 0)))) = (0AX) = ((0AX) — (xA0)) by (126) and (202)
00 (0 (1 (x 0))) = (0A%) = ((0Ax) — (xAD)) by (60) and (203)
0— (0— (x— (x—0)))=0— (00— (x— (x— (xA0)))) by (10) and (204)
00— (00— (x— (x—0))) = 0 — (0 — (x—0)) by (194) and (205)
(xAY) = 0)A(yAx) = (xAy)A((xAy)— 0) by (17) and (17)
(xAY) = 0)A(yAx) = (x— (x— (y— (y—0)))) AlxAy) by (100) and (207)
00 (0 (0 (¥ (x— 0)))) A(OAR)) = (0AX) — (xA0) by (208) and (197)
00— ((0— (07— (x— 0))) A (0AX)) = (0AX) — (xA0) by (206) and (209)
0= ((0— (x— 0)) A (0AX)) = (0AX) — (xAO) by (173) and (210)
(0—0)A(((x—0)A(0—0))—0)=(((0A(0— (0—0))) —0)A((xA((OA((0—
0) —0)) —0)) —0)) =0 by (75) and (43)
(0—0)A((x— (0AX)) —0)=(((0OA(0— (0—0))) — 0)A((xA((OA((0—0) —
0)) —0))—0))—0 by (46) and (212)
(x> = (0Ax)) = 0) — 0) — (0A (((x = (0AX)) — 0) — 0)) = ((0A (0— (0—
0))) — 0)A((xA((OA((0—0) —0)) —0))—0)) —0 by (86) and (213)
((0=0) — (x = (0Ax))) — (0A (((x = (0Ax)) — 0) — 0)) = (((0A (0— (0 —
0))) — 0)A((xA((OA((0—0) —0)) —0))—0)) —0 by (67) and (214)
(x—= (0Ax)) = (0A (((x = (0Ax)) — 0) = 0)) = ((OA (0= (0= 0))) — 0) A ((xA
((0A((0>—=0) = 0)) —0)) —0)) — 0 by (3) and (215)
(x= (0Ax)) = (0A((0 = 0) — (x— (0Ax)))) = ((OA (0= (0= 0))) — 0) A ((xA
((OA((0—0)—0))—0))—0))—0 by (67) and (216)
(x = (0Ax)) = (0A (x = (0Ax))) = (0N (0= (0= 0))) — 0O) A ((x A ((OA((0—
0) —0)) —0))—0))—0 by (3) and (217)
(x=0) = (0A (x—=0)) = ((0A (0= (0= 0))) —= 0) A ((xA ((OA((0 — 0) — 0)) —
0)) = 0)) — 0 by (108) and (218)
(()?;)HO())H (O (x—=0)) = ((0A (0= 0)) = 0) A ((xA((OA (0= 0) = 0)) — 0)) —
by (80) and (219)

(x—0) = (0A (x = 0)) = ((0= 0) A((x A ((OA((0— 0) — 0)) — 0)) — 0)) — 0
by (135) and (220)

(x—0) — (0A (x — 0))
221)

(x—0) — (0A (x — 0))
(x— 0) — (0A (x— 0)
(x—0) — (0A (x — 0))

((0— 0) A((xA((OA0) — 0)) — 0)) — 0 by (3) and

((0— 0) A ((xA (05— 0)) — 0)) — 0 by (18) and (222)
((0— 0) A ((0— 0) — (x — 0))) — 0 by (109) and (223)
((0— 0) A (x — 0)) — 0 by (3) and (224)
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226.

227.
228.
229.
230.
231.
232.
233.
234.
235. x
236.
237.
238.

2309.

240.

241.
242.
243.
244.
245.
246.
247.
248.
249.
250.
251.
252.
253.
254.
255.
256.
257.

258.
259.
260.
261.
262.
263.
264.
265.
266.
267.

(x—0)— (0A(x—0)) = (((x—0) —0) — (0A((x — 0) —0))) — 0 by (86) and

(x—0)— (0A (x —0)) = (x — (0A ((x — 0) — 0))) — 0 by (24) and (226)
(x—0)— (0A(x—0))=(x— (0AX)) —0 by (24) and (227)
(xAO)A(((0— (y—1y) —0)— ((x— (0Ax)) —0)) =xA0 by (228) and (176)
00— ((xA (x—0))Ay) = ((0—=y) = (0A(0—y))) — 0 by (228) and (98)
x— ((x— (0Ax))—0)=0— (0A(x —0)) by (228) and (97)
xA\(y—y)=(x— (0Ax))—0 by (228) and (93)
xA\(y—y)=(x— (xA0))—0 by (17) and (232)
XA (0 (0Ax)) — 0) — 0) = XA (x— (3 — y) — 0)) by (232) and (62)

A((0—=0) — (x = (0AX))) =xA (x—= ((y —y) —0)) by (67) and (234)
XA (x— (0Ax)) =xA(x— ((y—y) —0)) by (3) and (235)
XA (x— (0Ax)) =xA(x— 0) by (3) and (236)

(0AX)A((xA0) — 0) — ((0AX) — 0)) = (0Ax) — ((0AX)A0)) — 0 by (233)
and (195)

(0AX)A((xA0) — 0) — ((0Ax) — 0)) = ((0Ax) — (0A (0AX))) — 0 by (17) and
(238)

((((r = x) = 0) = (x = x)) = (OA (((x = x) = 0) = (x = x)))) — 0 =x— x

by (232) and (75)
(0= (x—x)) — (OA(((x — x) = 0) — (x —x)))) — 0=x>— x by (3) and (240)
(0= (x—x))—= (OAN(0— (x—x)))) —0=x—x by (3) and (241)
(00— (x—x))—0)—0=x—x by (132) and (242)
0— (x—x)=x—x by (24) and (243)
(0AX) — (xAO)) Ay = (y — (0AY)) — 0 by (190) and (232)
xAO)A(((y—y) —0)— ((x— (0AX)) —0)) =xA0 by (244) and (229)
(xAO)A (0= ((x — (0AX)) — 0)) =xAD by (3) and (246)
(xAO)A ((x—0) — ((x—0) — (0— ((x—x)—0)))) =xA0 by (169) and (247)
(xAO)A ((x — 0) — ((x — 0) — (0 — 0))) =xA0 by (3) and (248)
(X AO)A ((x — 0) — (0 — ((x — 0) — 0))) =xA0 by (25) and (249)
(xAO)A ((x—0) — (0—x)) =xA0 by (24) and (250)
(xAO)A(0—x) =xA0 by (151) and (251)
(0—x)A(xA0) —x/\O by (17) and (252)
(x = x)A(0—=y) =0— ((x—=x)Ay) by (244) and (7)
((0—=y) = (0N (00— Y))) —0=0—((x—x)A\y) by (232) and (254)
((0—=y) = (0N (0—y))) — 0 00— ((y—=(0Ay)) —0) by (232) and (255)
((0=y) = (0A(0—=y))) = 0=(y—0)— ((y = 0)— (0= ((y —y) —0)))
by (169) and (256)
((0—=y) = (OA (0= y))) = 0= (y— 0) — ((y — 0) — (0 — 0)) by (3) and (257)
((0=y) = (0A(0—=y))) = 0= (y—0) — (0 — ((y>—0) — 0)) by (25) and (258)
((0—=y) = (0A(0—y)))—0=(y—0)— (0—y) by (24) and (259)
((0—x) — (0A(0—x))) — 0 =0 x by (151) and (260)
0 (XA (x— 0)) Ay) = 0 — y by (261) and (230)
XA ((xA(x—0)) —0) =xA(x— ((x— (0AX)) — 0)) by (237) and (62)
XA (x— ((x—0)—0)) =xA(x— ((x— (0Ax)) —0)) by (62) and (263)
XN (x—x) =xA(x— ((x— (0AX)) — 0)) by (24) and (264)
(x— (xA0)) = 0 =xA (x — ((x — (0AX)) — 0)) by (233) and (265)
(A ((y= (0A0)) = 0)) A((((yAx) = O) A ((y Ax) = 0)) = 2) = ((Ax) — O) A
(yAx)—0))— (0AZ) by (7) and (44)
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268.

269.

270.

271.
272.

273.

274.
275.
276.
277.
278.
279.
280.
281.
282.
283.
284.
285.
286.
287.
288.
289.
290.
291.
292.
293.
294.
295.
296.

(XA (= 0) = 0)) A (((hAx) — O)A ((yAx) — 0)) — 2) = ((yAx) — 0) A ((yAX) —
0)) — (0AZ) by (18) and (267)
EAV)A(((yAX) = 0)A((yAx) — 0)) — z) = ((yAx) — 0) A((yAx) — 0)) — (0A2)

by (24) and (268)
E;CQ%M(((MX)HO)HZ)Z(((y/\X)>—>0)A((y/\X)>—>0))>—>(0AZ) by (18) and
(xAY)A((yAx) = 0) —2z) = ((yAx) — 0) — (0A2) by (18) and (270)
(xA0) — 0) — (OA ((0AX) — 0)) = ((0Ax) — (OA (0AX))) — 0 by (271) and

(239)

(xA0)—0)— (OA(0— (x—0)))=((0Ax) — (OA(0AX))) — 0 by (62) and
(272)

00— ((x—x)ANO)AY)=0—y by (3) and (262)
0— (0N (x—x))Ay)=0—y by (17) and (274)
0 (((0— (0A0)) — 0)Ay) =0y by (233) and (275)
0—(((0—0)—0)Ay)=0—y by (18) and (276)
0 (0AX) =0 x by (3) and (277)
00— (x—0) =x— ((x— (0Ax)) — 0) by (278) and (231)
XA (00— (x—0)) = (x— (xA0)) — 0 by (279) and (266)
(05— x)A(0—y) =0 (xA(0OAY)) by (278) and (7)
00— (xAy) =0 (xA(OAY)) by (7) and (281)
0— ((0— (x—0))Ax) = (0Ax) — (xAO) by (282) and (211)
0— (xA(0— (x—0)))=(0Ax) — (xAO) by (17) and (283)
0= ((x — (xA0)) — 0) = (0Ax) — (xAD) by (280) and (284)
(x—x) — ((x—x)— (0— ((x—0)—0))) =(0Ax) — (xA0) by (169) and (285)
(x —x) — ((x —x) — (0—x)) = (0Ax) — (xAO) by (24) and (286)
(x —x) — (0—x) = (0Ax) — (xAO) by (3) and (287)
0 x=(0AX) — (xA0) by (3) and (288)
(0—x)Ay=(y— (0Ay)) —0 by (289) and (245)
(xA0) — (OA (xA0))) — 0 =x A0 by (290) and (253)
((0A (0 — x)) — 0) — 0 =x A0 by (189) and (291)
(((0 — (0A0)) — 0) — 0) — 0 =xA0 by (290) and (292)
(((0 = 0) — 0) — 0) — 0 =xA0 by (18) and (293)
(07— 0) — 0=xA0 by (3) and (294)
0=xA0 by (3) and (295)
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