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ABSTRACT

In his interesting paper,
“Can one hear the shape of a drum?”, Am. Math. Monthly 73 (1966), no. 4, 1-23,
M. Kac called the attention to a theorem by A. Pleijel,
“A study of certain Green’s functions with applications in the theory of
vibrating membranes”, Arkiv for Matematik 2 (1954), nr. 29, 553-569.
The paper by the authors,

“Remarks on a theorem of A. Pleijel and related topics, I, Behavior of the
eigenvalues of classical boundary problems in the plane”, Notas de Algebra y
Andlisis #19, INMABB-CONICET, Universidad Nacional del Sur, Bahia Blanca,
Argentina, 2005, MR2157976 (2006h:35196),

was an attempt to reduce the boundary requirements of the above-mentioned work. The

following result was obtained:

Theorem. If the plane Jordan region D of area |D| has a C? boundary J of length

{J) and {A,,} is the set of eigenvalues of the Dirichlet problem for the Laplacian

D1 1
41 z—1 8mwz—1/2

in D thenitholdsonRez > 1: X7 1,(D) % =

+9(2),

where g(z) is a holomorphic function on Re z > 0.
In the present paper, we allow J to have a finite number of corners, that is, J is the
boundary of a region D called “curved polygon”, and obtain the same result. In our
approach, it is crucial the use of a refinement of the implicit function theorem to which

we devote all 85.

RESUMEN
Al sumario precedente podemos agregar que el teorema de A. Pleijel en cuestion parece
ser un resultado independiente de la regularidad del contorno de la regién en el caso del
problema de Dirichlet y podria conjeturarse que es valido para regiones de Jordan
planas arbitrarias. En el trabajo presente vemos que es valido para regiones con
contorno €2 salvo por un ndmero finito de puntos excepcionales de ese contorno, en
particular, para poligonos convexos. Mediante un proceso limite descripto en el
Apendice 2 88, puede demostrarse que el resultado es valido para otras regiones y es
razonable pensar que entre ellas se encuentran los Ovalos, que son regiones cuyo
contorno puede tener infinitos puntos sin derivada. Quiza debamos agregar que el
método al que hemos recurrido para demostrar el teorema, y que hemos utilizado en

otras ocasiones, depende esencialmente de la parametrizacion del contorno.
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1. PRELIMINARIES. In most cases of this paper D < R? is a C? Jordan region or a
C? curved polygon. That is, ] = D is a Jordan curve defined by means of functions
y1(s),v,(s) € C? with a tangent of length one at each point in the first case or J has a
finite number of exceptional points, the corners, in the second one. The precise

definitions are in the next paragraphs. The following result holds (cf. [P], [K], [Z]):

THEOREM 1. If the Jordan region D of area |D| has a €2 boundary J of length (J) and

{1} is the set of eigenvalues of the Dirichlet problem for the Laplacian in D then it

. © - Jy 1 .
holds on Rez>1: 7" 4,(D) Z:EZ_Em-"g(Z)’ where g(z) is a

holomorphic function on Re z > 0.

2. LOCAL COORDINATES. To deal with regular regions it is convenient to
introduce local coordinates around the boundary in the following way where we follow
A. Pleijel. Let s be the parameter arc length of the C2-Jordan curve J, (first case, see
Fig. 3), starting at the origin O. We assume that J is positively oriented.

The points in J will be denoted by y = y(s) = (y,1(s),y,(s)), y(s) = y(s + {J)), with
(J) = length J. We assume that y;(s) € C2([0,{/)]), y:(0) = y;({(J)). Let # = #(s) =
(n1(s),m2(5)) = (=¥2(5), y1(s)) = n;(s) be the interior normal versor at a regular
boundary point y(s). If J is an oriented closed arc we suppose that it is contained in a
C? open arc L and so we can include the extreme points among the regular ones.
Suppose 1 >8>0 and let I be an interval I =[a <s <b] E[0,(J)] such that
y(s) € J isaregular point for s € I.

Let us definethe map T. T: (s, t) = x(s, t) :== y(s) + tn(s), from the rectangle

I X (—6,08) tothe strip J5 :== {x:dist(x,J) < 8}, (Figs. 3 and 4 for the first case).

& == (&, &,) denotes a point of the rectangle I X (=6, 6) and x = (x4, x,) represents its

image in the strip /5. Then T: £ — x is written as

T:&=(§1,&) > x=(x1,x3) = (}’1(51)'}’2(51)) + & (ny(&1),n2(&1)),



0<¢& =s<(I),[&| <6.Thus, if & = 0 then x € J. Given n = (14, 0) its image will
be also written as y = y(n;) to underline the fact that it is in J. For § sufficiently small
the map T of the rectangle I X (—6,6) = {(¢1,&,):a <&, < b,|&| <8} is a local
homeomorphism onto its image.

In fact, since by hypothesis y(s) € C* for s € [a,b], Tisa C* map and (&, = s) it can
be written as:

x1(8) = 3’1(51) - 525’2(51)

x,() = J’Z((fl) + &v1(8) '

Since & is the arclength, the interior normal 7 =7i(&)) = (nl(gl),nz(gl)) =

(—=92(&,), 9:(&)) is such that |7i] = 1, (cf. [G], Ch. 2).

Its jacobian B is the absolute value of the determinant of the jacobian matrix,

yl(fl) - 525}2(51) _yZ(é:l)
V(&) + E31(8)  w(&)

(&) = J2(E) (&) — 31(&)y2(&,) is the curvature of J at the point T (&, 0).
For ssufficiently small 1 — &,¢(&,) > 0 whenever |&,| < 8. In this case

o 1= {

(1!) a(x1'x2) _

a(:g'l':gfz) = 1 - fzc(gl)'

0<B= % =1-¢,c(&) and T is locally a homeomorphism. Besides,
1’52

@) () =0-see)”

_ ‘ 1)/ = &,e(&) V2(£)/(1 = &,¢(4))
(_}72(51) - fzy1(§1))/(1 - 525(51)) (5’1(62) - 52372(51))/(1 - fzc(fl)) ’
and [¢($)] = [y (§DI-

3. Irregular points at the boundary. See Figure 6. In this example the Jordan curve
J = D is the union of three C? closed arcs. The continuous contour of the cap is C?
with the exception of three singularities. Points 2 and 3 are of the same nature: the first
derivative has a jump at them. At point 1 only the second derivative has a jump.
DEFINITION 1. A point y(s) € J, a Jordan curve, will be called regular when its
(continuous) components y;(&;) have first and second continuous derivatives in a
neighborhood of &; = s. Points which are not regular will be called irregular.

Among them there are the singular ones which are isolated irregular points. Precisely,
DEFINITION 2. A point y(s,) is called singular if it is an isolated irregular point such

that the function y,(&;) does not exist at §; = s, but



(*) ¥,(&;) has a finite limit at s, + and s, — and there exist tangent vectors of length
one at s, +.

If all the irregular points are singular then y(s) describes a rectifiable Jordan curve

union of a finite set of closed €2 Jordan arcs. All ordinary polygons belong to this

category.

DEFINITION 3. A Jordan domain D with a boundary J (positively oriented) will be

called a proper curved polygon if J has a finite number of singular points with no

reéntring angles at them. That is, the interior angles at singular points

(**) are positive and less than .

In this case, if y(s) is singular at s; we shall say that J has a (proper) corner at y(s;)

and that s; is a singular parameter point. ¢ shall denote the finite set of singular

parameter points. Assuming that 0 is a regular point of J, ¢ = {51, s s|a|}, the values of

the parameter s written according to their order of magnitude.

A; shall denote the open parameter interval between s; and s;,; and J; the closed side of

J between y(s;) and y(s;4+1), (of course, si5|+1 = 51).

We shall accept that for all i, (cf. [G], Th. 2.13),

(***) J; can be continued as L;, an open Jordan arc, and with the same properties of J;,

along an open interval 4;' o A,.

Ordinary convex polygons are proper curved polygons. In what follows we give a proof

of a generalized version of Theorem 1 81 that includes curved polygons.

DEFINITION 4. A curved polygon is a C? Jordan curve, (Ja| = 0), or a piecewise C?

Jordan curve with |o| proper corners, 0 < |g| < oo.

In case that there is only one singular parameter point, to avoid that y(s;) = y(s;), we

shall add any regular point as s, (i.e., we add a phony corner y(s,)). Therefore, we may

suppose that either |a| = 0 or |o]| > 1.

4. Homeomorphisms. We write J,, = T(4,,). Its positive side by definition will be the
one in contact with D. Let us see, perhaps by using a smaller §, (cf. §2), that for all n,
n =1,...,|a|, our T is globally a homeomorphism from

A, % (=68,8) onto JS :=T(A, % (=6,9)).

1

DEFINITION 1. ¢(J) = sup |c(&1)]| = sup |[¥(&)], R() = 0

Then c(J) € [0,) and ¢(J) € (0, ) if |o| = 0. In general, R € (0,%].
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LEMMA 1. There exists a &y(n) > 0 such that for any h € (0,6,(n)), T is a
homeomorphism from 4,, x (—h, k) onto its image J.

PROOF. Let C={(t; — &, t; +&):i=1,..,N}, t; € A,, & > 0, be a finite covering
of 4,, with the property that for some §; > 0, §; < R/v/2, (cf. §2),

(#) T is a homeomorphism from ((t; — 2&;, t; + 2&;) N [y, Spa1]) X (=8, 6;) onto

U=T (((ti — 2&,t; + 2&) 0[Sy, Speal) X (=6, 6;) )1
a relative neighborhood of y(t;).
Let e := min{¢;:i =1,..,N}and § := min{6;: i =1, ..., N}.
Callm = |ur£11£gs{ ly(w) —y(w)|: u,v € A, }. Thenm > 0.

We claim that the lemma holds for
(1) h < 8,(n) = min(s, %) < R/V2.
In fact, suppose T: (A, X (—h,h)) - T(A, X (—h,h)) is not one to one. Then there
exists x € J such that x = T(u,t,) = T(v,t,). Now, if u € (t; — &, t; + &), then in
view of (#) necessarily v € (t; — 2¢;,t; + 2¢;). Therefore, lu —v| > ¢; > ¢.
Using the definition of T, 0=|x—x| = |y(w) —y(v)|—2h=>=m—-2h >0, a
contradiction, QED.
Lemma 1 holds for all n and for all h € (0, §,) where

61 = min§y(n).
DEFINITION 2. Given x =y(&)+&ni(§) €JRnD, & € A,, & denotes the
symmetric point of x with respect to J,, : £(&y, &) = y (&) — &ni(&).
If z=y(t,) +1,m;(r;) also belongs to J2 N D then %(&;,&,) = 2(ty,7,) implies
(§1,§2) = (71, 72).
Let us put together some symbols we used and others that we shall use in what follows.
NOTATION. J,, =T(4,, x{0) =T(4,).For0 < h < 81, Jnn = {x:dist(x, J,) < h},
Jn = {x:dist(x,]) <h}, F,=J,nD, but J}:=T(4, x (=h,h)). EF =] nD and
Fon =Jan N D Mf|al = 0,Jo =], Fop = Fy =Jp 0D and J¢ = T([0,())] x (—h,h)).
(Jn, is an open set containing J, sometimes called a Minkowski neighborhood of J.)
DEFINITION 3. B! :== {x € " :d(x,],) = d(x,])}.



4.1. On corners. By definition of a curved polygon, if |a| = 2, it is possible to choose a
positive &;, let us call it A = h(J), so small that for all n and all x € E = J* n D it
holds the
LEMMA 1. i) The following relation is verified for two indices n,m at most and in
such a way that if this happens then n and m are consecutive,
x€JrnjhnD,

ii) T(A, X (=h,0))N] = 0.
But let us prove first the auxiliary
PROPOSITION 1. J, , o J&. Idem for J,;: J. 2 JE.
In fact, the open disk with radius h and center y(s) contains the segment
(y(s) —ni(s)h, y(s) + n;(s)h), QED.
PROOF OF LEMMA 1 AND NEXT FORMULA (1) (cf. § 2). Let

m = min{|y(s) = y(sp|: 1 % J)
be the minimum distance between two vertices of J. Then, the disks B, (y(sj)),

j=1,..,|o|, are pairwise disjoint whenever r < m/2.
We suppose without loss of generality that (0,0) is the initial extreme of J,cL,

corresponding to & = 0. After a rotation of the coordinate system we can assume that
9 = (5n(8).92(8))|, _, = @0

=
Therefore, in a neighborhood of the origin y, is a strictly increasing function of &

because of 3—? > 0. We consider this function only on 0 < & <m/2. There y, and j;

1

are continuous functions since there is no s; € o in this interval.

Because of % > 0, we can eliminate the parameter &, from the equation of the curve

1

y = y(&) obtaining y, = f(y;) with f(0) =0, f'(0)=0, f'(y,) = % iii

and

d(dy_Z) .
o) _ dg < d (yﬂ@))) _ c(&) dg _ (&)
dy, dyq \d& \v1(&) }"1(51)2 dy, }"1(51)3 .
Therefore, if y, (&) > 1/2 then |f" (y,)| < 8¢(J) and f (1) = 0(1)yZ, where

|0(1)] < 4c(J). We obtained:

f"(Y1) =

if y1 (&) > %whenever 0 <& <e<m/2then

for 0 <y, < y;(¢) it holds that | f(v,)| < 4c(J)yZ.



Where does y, (£,) > 1/2 hold? From y, (&) =1+ ffl yi () dt > 1 — ())&, we see
that it is enough to ask that 0 < &, < 1/(2c(J)) together with 0 < & < m/2 to make
sure that y; is a continuous function greater than %2.

That is, if y; < y,(€), € .= min(1/(2¢c(J)), m/2) then

(1) 2] = If )| < 4yic().

On the other hand, we have, 2[y;y; + y2V.] = d({l_a;l"’) = (ly|?) =2 (y x y),

d;(gf_) = (Iy12) = 2[1 4 y191 + yo3,] = 2[1 +y x 3] = 2(1 = lylc())).

In consequence, (|y|?) is positive and (|y|2) is increasing if |y| < 1/c()).

Since (]y]|2)(0) = 0, (Jy|?) is positive as long as the continuous curve y(s) that starts
at 0 does not reach dB /(). This is the case for 0 < s < ¢ = min(1/(2c(J)), m/2),
since |y(s)| < s < 1/(2c(])). Therefore,

(2) |y(s)| is strictly increasing as longas 0 < s < ¢.

Thus, the curve

() {y(5):0 < &< &} exits any disk B,(0,0) if 0 < r < y,(¢) and does not re-enter in
it.

However, {y(&): 0 < &£} could re-enter for £ > €. Analogously, the curve

{(y(&):—e < £< 0} entersinany B,.(0,0) if 0 < r < y, (&) and does not exit.

Let 0 < r < £ and P(i) be the first point where the curve exits B, (y(s;)) and Q(i) the
last one where the curve J = {y(s; + £):0 < &< (J)} enters B, (y(s;)). Let K(i) be the
piece of the curve between P(i + 1) and Q(i). ThenK() nJ, = K@) nJ; = .
Defining h; := dist (K (i),/;), any number h such that 0 < h < h;/2 for all i satisfies
Jin 0 K;p = @. Then, i) follows from Proposition 1.

i) Since the angles of a curved polygon are by definition smaller than 7z, one can choose
the points P(i + 1) and Q(i) so near to their respective corners, that the arcs of / from
Q (i) to y(s;) and from y(s;41) to P(i + 1) do not intersect T(A4; x (—&y,0)). Then the

previous choice of h will also satisfy ii), QED.

We shall assume that h is such that Lemma 1 holds. This requirement and new ones will
be satisfied with a smaller h. We shall keep track of the parameter h, the “width” of J7,
as soon as changes are produced. If D is a curved polygon with boundary J and h =
h(J) is small enough we have the following Propositions together with the preceding

results.



PROPOSITION 2. p = y(s) + n;(s)v € J& = |v| = dist(p,J,) and s is uniquely

determined. Moreover, if x € J,,, m #i,i £ 1, then |x — p|, |x — p| = h.

PROOF. Suppose that p € D. If dist(p, J,) = B < v (< h) then the distance is realized

at a point y(a) € J, and y(a) + n;(a)t is orthogonal to J,. Thus, p = y(a) + n;(a)p.

From y(s) + n;(s)t = y(a) + n;(@)p and Lemma 1, 84, we obtain s =a,t =,

QED.

PROPOSITION 3. For J = J, it holds that J* = J,,.

It remains to prove that J* > J,. But this follows from Proposition 2.

PROPOSITION 4. In case of a proper curved polygon D,
UEMN=F,={x€eD:dist(x,]) <h}=J,nD.

PROOF. Since J!' c J,, we have U E! c F,. If x € F, and dist(x,]) = |x — y| with

y € J there are two possibilities: 1) y is an interior point of some J; or 2) y is a corner

of J,say y = J; N J;+1. In case 1), as in Prop. 3, x € F/*. Therefore, x € F*. In case 2),

the interior angle at y must be > m, in contradiction with the hypothesis that D is a

proper curved polygon, so this case cannot occur, QED.

4.2. The curve P. Let us fix our attention on the corner O = y(s,) = T(4,_;) N

T(A,).

Inside a neighborhood B,.(0), the curves, defined by the functions of t;,0 € [0, £],
T(s,—14,72) and T(s,+0,1,),

intersect in only one point P(t,) for any 7, € [0, 5] whenever ¢, § are sufficiently small

and § < h. This point verifies dist(P(t,),J,—1) = dist(P(11),/,) = T3.

If £2_, nES 5 X then X = P(z,) for a certain 7,.

Now, the last argument in the proof of Lemma 1 84.1 can be used again; from (7), §4.1,

and the fact that T(s,, — -, 7,) —'>O]n_1, it is possible to show that if § and & are
Ty~

sufficiently small then P([0,]) = F2_, n ES. Besides, P(1),T € (0, ¢), is a rectifiable
Jordan arc since |P(t,) — P(t,)| < k|t — 74|, (cf. 85.1. We return to the properties of
the curve P in Appendix 1 87.) Then, its plane Lebesgue measure is zero.

As a matter of fact, e = e(n), 6 = §(n). Let us define h as a positive number less than

the minimum of the previous h and min,—; 5 6(n).

4.3. The points P, p € F!. If h is chosen as in Lemma 1 §4.1 then ii) of that lemma
implies that p & D for p € EI.

10



4.4. Minkowski neighborhoods. Suppose A = {y(s): 0 < s < L} is a Jordan arc with
y(s), y(s) continuous, |y(s)| =1, |¥(s)| <c in0<s < L.

Let n(s) == (—y.(s),y:(s)) be the normal vector to A at y(s). Then there exists a
& > 0 such that the map

T(s,t) = y(s) + tn(s) isahomeomorphism from [0, L] X (-3, §) onto

A% :==T([0,L] x (—8,6)) as we have seen in 84. If As := {x: dist(x, A) < 8}, then

©) As = A° U Bs(y(0)) U Bs(y(L)).

PROOF of (9). Since obviously As > A% we get the inclusion . To prove c observe
that if x € As and t := dist(x, A) = |x — y(sy)| < 8, then there are two possibilities.
1)0<s, <L, 2)sq isequaltoOorL.

In case 1) (x — y(s,)) is perpendicular to 4, therefore x = y(s,) + tn(s,) € A°.

In case 2) x € Bs(y(0)) U Bs(y(L)), QED.

Therefore, /. = Ji U Ba(¥(sn)) U Br(¥(Sn+1))-
NB. For a § <h we have Vn, ], scL%. Therefore, ]n,(;cL‘,Z. Thus, we can always

suppose that h is so small that for any n, J,,cL". (Recall that we supposed that

h<c(D™).

45. |f(x1(s))| < 4c(J)x,(s)?. Given p € E!, let U be a neighborhood of 0 € J,,, 0
the mid-point of the segment pp (see Fig. 5 and NOTATION). Let us take x € J, N U
and U and h such that for W a bounded interval around 0, T is a homeomorphism from
W x (—h, h) onto
1) T(W x (=h,h)) D U,
(see (***) 83). After a translation and a rotation, the old coordinates x;,x, are
transformed in such a way that in the new coordinates the equations of J,,, assuming that
s(0) = 0, are of the form:

x1(s) = ()’1 (s) = (0)))71 (0) + ()’2 (s) =y, (0))5’2 (0)

2)
X2 (8) = —(1(8) = ¥1(0))72(0) + (y2() — ¥2(0))7:1(0)

and p = (0,x,), p = (0,—x,). x, is a positive number since p isin D.

This system of coordinates is similar to the one used in 84.1 when proving inequality
(1) except for the fact that now 0 is not a corner point but the regular point (p + p)/2.
Let us define as in 84.1: f(x;) = x,(s(x;)), in a neighborhood of 0. Then, the same

reasoning that led to (1) 84.1 now yields the next Lemma.

11



LEMMA 1. |f (x| < 4c())x? whenever x;(m;) < x; < x;(m,), where
3) my == max{s,, —1/(2c(/))} and m; = min{s, 4, 1/(2c())}
Let us call p :=inf(|x — pl|,|x —B|), r:=+/x% + xZ, (Fig.5). Since p = (0,x,) we
have
2

p* = xi+ (0 = |f(x)D? = xf +x72—f2(x1)-
it follows that p? > x? + 2 — 16¢(J)%x{. Then, if |x;| < 1/(4vVZc())),
4) p? = (xf +x3)/2.
That is, p = r/+/2 and we have the following lemma.
LEMMA 2. Let x(s) € Jy, |x1(5)| < 1/(4V2c())), 8 < 0 < Sya. Then,

p/r 2 1/V2 and |f(x1(s))] < 4c(N)x,(s)*
NB. We used in this paragraph the same h as in the preceding Note because of (1) 85.1.

5. On the implicit function theorem. Lemma 1 84 is an illuminating result but it is
difficult to think that a bound for the value of h could depend on m, that is, upon the
auxiliary covering C. We shall get rid of this limitation.

The implicit function theorem for x,y € R™, F(x,y) = x — f(y), f € C* on an open

neighborhood E of 0, f(0) = 0, detg—f/ #+ 0 on E, says that there exist € and y such that
x = f(y) has on |x| <y a unique continuous solution y = g(x) such that |y| < e.
Moreover, g(0) =0, g € C* on |x| < y and g(|x| < y) is a neighborhood of y = 0.
This result can be rewritten in the following more precise way, (see Wazewski’s Th.,
[H] Ch. X).

THEOREM 1. Let x,y € R™, E an open neighborhood of y = 0 and for y € E,

x=f()eECLf(0)=0. Let E > B,(0) ={y:|yl <b} and ”Z—f]” be the norm as

operator of the jacobian matrix on E.

Assume that there exist constants M, M; such that on E,

AN of

R (G e Pl

Then there exists an open set R such that B » (y = 0) € R c B,(y = 0), where
MM 4

x = f(y) is a homeomorphism from R onto B» (x = 0).
M

12



PROOF. First, we observe that MM; > 1. Let ¢ be a non null vector, t real and
&t = f(y). Asolution y = y(t) of this equation should verify in the sense of Fréchet

W 2=y=(Z) ¢

oy
B .
b/t If we add the condition
y(0) = 0, we have an initial
— value problem.
x=1(v) Peano’s Theorem asserts that

there exists a solution (may
be not unique) y =Y(t¢)
defined on {t: |t| < b/M|&|},

2 < ). But
Mie]

with values in {y : [y| < b}, (Iy(0)| < ||(g—£)_1 .g|
h(t) = f(Y(t,$))

ifi dh _ of d_y_a_f(a_f)‘l. _
verifies % 9y ar = ay \ay & =¢.

Then, h = &t + 1. Since h(0) = f(Y(O, E)) = f(0) = 0, it follows that n = 0 and we
have

(2 h(®) = f(Y(t,9) = st.

Because of f € C* and the implicit function theorem, Y (¢, &) is locally the unique
solution of f(y) = &t. Since Y(0,§) = 0 it follows that Y (¢, £) is the unique solution of

our differential equation.

ar(e, af\ 1
Thus, T = (5) & |t] < b/M|4.

If we replace & by c&, ¢ > 0, then y(t) = Y (¢, c&) satisfies the equation

® y'=(L) " ey =0 il <o

Mclg|

. . dv(ctd) _ dv(ctd) _ (9f\ !
But in this interval, it holds that il S _(ay) (Y(ct, &)).cé,

I.e., Y(ct, &) satisfies (3).

b

Because of the unicity of the solution we have for |t| < el

4) Y(t, c&) =Y(ct,&).

Assume now that ¢ is a versor. In this case Y (t, &) exists on |t| < %and

Y(t,c&) =Y(ct,é) holds on |t]| < Mic. Then, Y(1,c&) = Y(c,é) whenever 0 < ¢ < %

13



Thus, Y(1,t&) =Y (t,é) for0 <t < %

Since Y(1,0) :=Y(0,&) = 0,wehave Y(1,té) =Y(t,é)for0 <t < %and an arbitrary

versor &.

Then, from (2) we get
fr(L,td) =t

for |¢| < and |¢] = 1.

From this we obtain
f(Y(1,x)) =x if |[x| <b/M.

Then, because of

wv(1x) (6_f)_1
ax  \ay !

Y (1,x)
ox

there we have det + 0.

Thus, if x € B» (0) then g(x) = Y(1,x) € B,(0) and g(x) € C*(By/u)-
M
Using the implicit function theorem (or Brower’s theorem) we deduce that
R = Y(l, Bb/M)
Is a (simply connected) open set which by construction is included in By, as we have

seen. Therefore, we have proved the
PROPOSITION 1. x = f(y) defines a bijective application from R onto B, and

therefore a C1-homeomorphism with inverse y = g(x) = Y (1, x).

f(E) is an open set that contains the compact set f(B,) D Bp/y and f(R) D By . If
one starts from By, one proves that f is a homeomorphism from R onto Eb/M.
Applying the Proposition to the map y = g(x) on By, we find an open set

R; € Byo(x =0) such that y = g(x) defines a homeomorphism from R; onto
M

B(E)L(y =0) cR, QED.

M/Mq

5.1. Some more precise statements about the proof of Lemma 1 84. To fix ideas we
assume that |o| = 0. We shall use the following corollary of the preceding theorem.
THEOREM 0. Let E be an open plane set, E © B, (0), and assume that there are two
numbers M, M, such that the homeomorphism T defned in 82, T(0) = 0,

14



x1() = }’1(51) - 652}"2(51)
xZ(g) = yZ(gl) + ézyl(él)’

o> G

B » (0) € R c B,(0), where x = T(¢) is a homeomorphism from R onto B» (0).
M

MM,

x=T(§)={

. 9
verifies on E: M; > ”é

. Then, there exists a region R such that

i 2
In our case a uniform upper bound M, ' for ||£

can be obtained from (1’) of §2 in a
op

certain cylindrical open set E, E © I x [—1,1], (the end points of I are identified in case

. ai1 dgp .
|a| = 0). In fact, the norm of a matrix A = |a a | as an operator verifies
21 22

2\1/2 . )
1All,p < ( 2 iz1laij] ) . From (1”) 82, it follows that if

1) &1 <h <min(Lc(D7H)

ox

0

) and there is a uniform upper bound M’ for ||(6_x)

there exists ( PT:

on
op

I x [—h, h]. But we shall use the following greater constants,

_——— =

gu \
/ \
\
// | x=TE)
j @ \\ @
- f
\ y Fig. 0
P - o5

Cxl

g = 1is anumber such that for &,y € I X (—h, h) it holds that

, Sup

g=max<sup”3—§ ) Mi=1+2g, M=1+2g.
op

2) SE=nl <IT© — T < glg —nl.
In fact,
LEMMA 1. 1) If T(¢) = i;gizg is a Ct-homeomorphism from U =1 x (=6, 6)

ontoV =T(U), then |T(¢) — T(n)| < sup ”Z—’;”Op |€ —n| foré&neU,
2) € = nl ssw | 1@ - Taml,

15



x1(§1,§2)

3) If T(¢) = is the C'-homeomorphism from U =1 x (—6§,5) onto
x2(§1,62)

V =T(U) = J5 defined by (1) 82 and (1) holds (i.e., 5c(J) < 1), then

5], <2+ sl sup || =2+8.c0.

[, = @+ &lveon/a-&lyEn, sw 5| < @+scgn/a-seqy.

PROOF.1)T(&) —T(n) = fl‘m%f’mdt The integrand is:

0x1/08  0x1/08;||§1 — M| _ ox o _
ax;/aé ax:/aé s‘;— : _a_g(”+t(€ m) - (£ —n) . Therefore, taking norms
we get

o == 2], K -nise - |2 i

2) Applying 1) to 771 and taking into account that the Jacoblan matrix of T~ is

2= (2) " wegetl —nl <sup|Z]| 176~ Tanl. Hence,

(swp [€]]. )" 1=l < 1@ - Tl < swp 5 1=nl

. a1 Ar2 -
3) The norm of a matrix A = |a21 Uy | as an operator verifies:

1/2
”A”op S( i,j= 1|al]| )

71 — &(5(60))  —32(80)

and
y2(§1) + 52(5}1(51)) y1(§1)

Applying this to the jacobian matrices 2 % =

y1(§1) y2(§1)
—y2(&1) — 52(3’1(51)) y1(&1) — 52(3’2(51))

and using the fact that |c(&;)] = |37(&1)], one gets

9§ _
ax

/(1 §2¢(81)),

ax||?

51l < 12831672 (&) — ¥, (EDT (&) + E21(EDI12+ 1 =

= (1 = &,c(&,))? + 1. Therefore, these inequalities hold:

*) ” ” < (1 -&c(&))+1 andsimilarly

0§

(%) 2l = (= &e@) +1)/0 - &)

and 3) follows, QED.
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Let us define § := % =min (1,R(J))/2g. Then, we have
9(xy1,x2) _
1§21 <6 =>T() €Jsg<Jnz and Gy 1T §rc(&) > 1/2.
Using Theorem 0 with b = § we get that T maps homeomorphically B s (&= 0) onto

MMq
an open neighborhood of x = 0, R;  B» (x = 0). Then, it maps the square Q inscribed
M

in B s (£=0), that is, the square Q = (=8, 6y) X (8¢, 8y) With &y =

MMq

U=T(Q) (S Ry By).

L onto
vZMM,'

Let B = %. The disk B;z(0) is such that the distance from any of its points to points

outside Q is greater than 3.
Then, for & € Bg(0) andn = (4,m2),n €1 X (—6,6) \ Q, we have

E-nl B _ %0 _ g
@ @ -T2 ENSL (<ot

In particular, forn = (n,,0), T(n) € J\ T(Q).

17



Therefore, the disk of radius /M centered at x = 0 = T(0) verifies for T({) € Bg(0)
M

and T(n) € Js \ T(Q) that & € Bz(0),n €1 X (—45,6) \ Q.
Because of (3) and M > g we get

4) IT(§) — Tl >§> b

E.

Then, |T(0) — T()| > L and B (0)  T(Q) < J°.
M

The square Q” inscribed in Bgp, Of half side

g_ B
6_\/5MM1

is mapped by T homeomorphically onto U := T(Q").

Because of (4),

(6)  IfT() €TQ)andT(n) €5 \T(Q) then [T() ~T(m)| > 3.

Because of M; > 2g,

(6) diamT(Q") < gdiam Q' < g.28/MM, < /M.
Then we have,
(7) IT) =TI >p/M > diamT(Q") = dist(T(£),)).
We proved the

THEOREM 1. Assume that Q is the square with center s and sides parallel to the axes

of half side equal to §, = LM and Q' a similar square with the same center and of
1

\V2M
half side § = —2— .
2(2MM,)?
IfT(¢&) e T(QNand T(n) € Js \ T(Q), it holds that
(8) ITE) T > £ =2 > dist(T(©),)).

M 4\2M?2M,

6. The spectral Dirichlet series. We focus on the functions
F; D) = 22521 0a(0)/ An(n — A, —A=t=x*, x=1 and
Jy F; Ddp = A¥5-11/An(A — A)  (cf. §4.14 and §4.17 of BPII).
The eigenvalues and the normalized eigenfunctions are those of the Dirichlet problem
—Au = Au, (cf. BPII, §4.4). We know that, (BPII, 84.14, 84.15 for k(p) = 1,w = 1)
Fp.q; D=6, q; ) -G, q) =

= Ko(xlp—qD/2m — H(p,q; ) — ((1/2m) log(M/|p — q1) — H(p, @),

18



where M = diam D, H(p,”) is a harmonic function and H(p,;A) is a y-harmonic
function (a metaharmonic function®) such that H(p,§; —x2) = Ko(xlp — gl)/2m if
(p,§) € D xJ, ] = dD. Using the fact? that the Kelvin function of order 0,

Ky(r) = floo e "t (t? — 1)7Y2dt = log(1/7) + (Io(r) — D log(1/r) + P(r),  where

P(r) and the modified Bessel function I,(r) are entire functions in r2, I,(0) = 1,

+QUlp —qb, with Q(lx]) €

1

(BPII, §4.15), we get’ Ko(xlp—ql) =log——.

C(R?). Therefore,

F(p,q;1) = —H(,q; ) — (logx)/2m + H(p,q) + Q(x|p — q) /27 — (log M) / 2r).
Hence, for g — p,

(1) F;A) =limg, F(p,q; 1) =
=H(p,p) —H(p,p; 1) + (Q(0) —log x —logM)/2m

where

(1) H(q,b; 1) = Ko(x|b — ql|)/2mn >0, forqeD,be].

Since K, (r) is a decreasing function, if [(q) = dist(q,]),q € D, we have
suppe;Ko(x1b — q1) = Ko(x1(q)).

Thus, by (1) and the maximum principle for y-harmonic functions, (BPIII, p. 45), if

p € D and g € D we have

() 0 <H(p,q;—x%) < Ko(xl(q))/2m.
To estimate H(p, p; A) for y — oo observe that if {(q) = & > 0 then, because of (2), (cf.

BPII, §4.15, p. 42),
Sy. S«
3) H(q,¢; —x*) < Ko(G)e ™ 2 /2m.
Then, we have
LEMMA 1.0 < H(q, ¢; —x?) < Ko(D)e®%/2 for I(q) 2 6 > 0, q € D.

Thus, to estimate H(q, q; —x?) on the whole of D it will suffice to estimate H(p,p; 1)

on Fg = the interior §-neighborhood of J.

! Informe Técnico Interno n° 79, INMABB, UNS-CONICET, 2002, Ch. 4-5.
2

Magnus, W., Oberhettinger, F., Formulas and Theorems for the Special Functions of Mathematical Physics, 1954, p. 27.
3

Schwartz, Laurent, Théorie des distributions, Il, 1951, formula (VII, 10:15).
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6.1. MAIN RESULT. Our objective is to prove Th. 1 of 81 for curved polygons. For
this we use in an essential way the next Lemma 1 that we shall prove in 86.4, (cf. BPII,
84.15).

LEMMA 1. Let I(x*) = [, H(x,x; —x*)dx. I(t) —{J)/8Vt is measurable and

bounded on any closed subinterval of (0, ) and if y > 1 then
2y _ ) _ 2 (log x* 2y —
(4) 16D -2 =10 (), LG =0,

From (1) 86 and what we have said above we deduce that for w = x?2 it holds that

G F(x;—w)dx———logw+C—I(w)— wzlﬁ

+w) '

is a finite constant.

where C = [, H(p, p)dp + L2

In fact, fD |H(p,p)|dp = fD H(p,p)dp < oo, (cf. BPII, Th. 2 84.13 and Th. 1 §4.19).
NOTATION. We wrote in (5) w in place of t to indicate that it may take complex

values: w € C, t = y* € R*. We shall write f(—w) instead of —w }.° m

Then, for w > 0 and assuming (4), we obtain from (5),
(5) f=w) = =Piogw + ¢ — [Lw /2 + Lw)w " logw |
THEOREM 1. If D is a curved polygon and Re z > 1 then

©® et =["azanpy =21 D1 S+ 9@,

where g(z) is holomorphic on Rez > 0, N(2) := #{4;: 4; < A} = the counting function
of the eigenvalues A,(D) of the Dirichlet problem and r is such that 0 < 2r <
inf(4,, 1).

PROOF. (Cf. [BPII] § 4.20-21). f(w) = WZ({O# is a meromorphic function on

-w)
the plane with simple poles at the points 4,,, a non-decreasing family.
Leta = —|D|/4m, b = —{(J)/8, q(t) := —L(t)(t tlogt). Then, in view of (5"),
(7) f(=t) =alogt+bt 2 +qt)+C, t>0.
Because of Lemma 1, we have

(7)) q(t) is a measurable bounded function on t € (1/N, o), for all N > 1, such that
q(t) € Ll( ,00) forany s > 0.

Let I be the region at the left of the contour y shown in Fig. 2. We have, for s > 1,

L S _ -t wi = _
® ) f21z( Pt Zlfyz(wz)dw L1 An’

ws T omi 2mi
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In fact, let t = |w|. Because of s > 1 and H. Weyl’s theorem (1,, = n) we have

xJ

For the last equality observe that the region I' is the limit, as R,, — oo, of the region

dt < oo. This allows to prove the second equality in (8).

/1n(t+/1n)

contained between the circumferences of radii » and R,, except for the negative real
axis, (see Fig. 1).

Since s > 1, the integral over the circumference of radius R tends to zero for R — oo
and the last equality in (8) follows from Cauchy’s theorem of residues, (cf. BPII, 84.18).
Lety' =yn{w:lw|<1}and =y \y' = 1; + L,, (Fig. 2), with [; going from —oo to
—1 where argw = & and with [, going from —1 to —oo where argw = —.

Then we get (arguing as in BPII, §4.18):
9) —IP4° =, fWwSdw+fo(s),  fols) =—f fw)w™*dw,

Zm 2mi

(10) —f fwywSdw=—[-], fwywSdw+ [ fw)w Sdw| =

2mi 2mi

= %f:of(—t) t=S(e7i™ — ™) dt = (cf. (7)) =

sinms

= -2 [P f(-0tdt =

sinms

= -2 f1°°(alogt+c+bt‘§)t‘sdt+(

sinms

)f q(H)t=sdt.

Because of (7°), the last term defines a holomorphic function g,(s) on Res > 0. Thus,

(11) ¥PA° = sin s 1O°(alogt +bt™12 4 C)t‘sdt = [fo(s) + go(9)], s > 1,
where the square brackets define a holomorphic function on Res > 0.
The integral in (11) is equal to

floo(a logt + bt Y2+ C)t=Sdt =a(s — 1)72 + b(s — %)"1 +C(s—1)"L

sin st
m(s—1)

sin sm

Thus, from =—1+4 (s — 1)[--], we obtain on {s > 1},

S la(s - D2 +b(s—D T+ Cs— D7 = —S_il+(b/n)+g2(s)

(12)

where g, (s) is holomorphic on Re s > 0.
Thus, on Re z > 1 it holds that

(13) TP, %=~ +i’1+g<z>, 9 =922~ [fo(@ + go()].

g(2) is a holomorphic function on Re z > 0 and (6) follows, QED.
THEOREM 2. The residues and the function g are uniquely determined.

PROOF. In fact, -+ 5 + G(z) = 0 onRe z > 1 implies A = B =0, G = 0.
—t
2
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That is, if (4) of Lemma 1 holds then we have proved that Theorems 1 and 2 are valid

for convex polygons. For |a| = 0 we would have proved Theorem 1 of §1.

6.2. About formula (4) 86.1 for D a curved polygon:

1) = [, Hp,p; —7")dp = % +0 (%)

X
Because of Prop. 4 84.1 and (3) 86, we have for F;, = D n J,,, (h as in §4.5),

(14) I=[, HC,x—)dx = thH(x,x; —;(Z)dx+fD\FhH(x,x; —)dx =
= Jopn HCx 2 =) dx + 0(DID|Ko(xh/2)e 2,
where |0(1)| < 1, EF = {x € J n D : dist(x,]) = dist(x,/,,)}.

If E= anﬁh H(x,x; —y*)dx — fuﬁhH(x,x; —7*)dx then E = 0 and

(14°) I'= Y Jpn HCx, x5 —")dx — E + O(IDDK,o (rh/2)e ™2,

We know from 84.2 that if h is small enough then E = 0. In consequence, we have,

(15) 1=y, fﬁg H(x,x; —y¥)dx + o(e™/2), 1<y - oo,

The function R(.,.;.). We wish that K,(y|p — p|)/2m replaces H(p, p; —x*) in (15).
We will consider, for this purpose, the difference,

(16) R(x,p;—2*) = H(x,p;—2*) — Ko(xlx — pI)/2m, pEEx€].

Observe that, whenever h is small enough, for each p € E*, R is y-harmonic in D as a
function of x since p € D, (cf. §4.3).

Thatis, (A, — )R = 0, x € D, (cf. (2) and Th. 1, [BPI1], §4.15).

If x € J then H(x,p; —x?) = %Ko(xlp — x|) and

(17)  RCG,p;—2*) = {Ko(rlp — xI) — Ko (P — x D}/ 2m.
For y large enough we have the next lemma where

0; =y(si), {03 =Ji-in]i, Up) = dist(p,]).
LEMMA 1. 1) If h is sufficiently small and p € /> \ {Js1.0 UJn_1n), X €, then
there exists M = M (h) € (0, o) such that
(18) IR(x,p; —x®)| < M.inf(1/y, e~#'®IT),

h
T is a positive integer > 2. In particular, if |o| = 0, then (18) holds for p € F3, x € .
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2)If lo| =2andp € ~nh/3 N Jn+1,n, then (18) holds except possibly for x € /41 N Jpp.

Similarly, if p € Fnh/3 N Jn—1,n, then (18) holds with a certain T > 2, except possibly for

X € Jn—1 N Jnp.
Then, the exceptional pairs {p, x} where (18) does not hold, if any, are contained in the
sets:
19 peE"njnandx €y Nip, i=1,..,10,
(19) peE"*nj_ipandx €Ji_  NJip, i=1,..,10l.
PROOF. If X = (xq, —f(x;) represents the symmetric point of x with respect to the
first coordinate axis, (see Fig. 5, p = (0, |p|), where the curve is L,,), we have:
x —pl = 12— pl and |Ix —pl| - |x = BI| < |x — 2| = 2| f (xp)-
If |[x;| < & then we obtain for
xeUNL, U=T(Q)= T(Q n (I x (—h,h))), p € EhNT(QY,

(cf.85.1and Fig. 7, x = T(n); p = T(9)),
(200 d=I1Ko(xlp — xD) — Ko(rlp — 2D < 221f (e 1Ko (D),
where g is a number between |x — p| and |x — p|.
By Lemma 2, §4.5, we have p > r/+/2 and therefore

p > r/N2 = dist(p, L) /V2.
Since
(20°) lpl = dist(p, J») = dist(p, Ln) = Ipl,
we also have

p>r/V2 = dist(p,],)/V2 .
The right-hand side of (20) is equal to, (1 < ),

(201;) 2|f (x1)| |Z,5K0’(}(,5)| < zlféxl)l Cle—lﬁ/z < Clzﬁ If (x| e—;{ﬁ/z’

p x2+x2
because of rKj(r) < C;e™"/2 for r > 0, (C, a constant, cf. [BP11]§4.15).

7
Because of Lemma 2, §4.5, the last term is not greater than (¢’ = C;2zc())),

2
e 2z < (xyleM/V2 < e/t <

< €,8V2c())

x2+x2
< "inf(1/y, (diam D)e~#dist®/n)/4),

Thus, d < M inf (}1( e X ISP/ for x € L, N U.
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If L,2x €U =T(Q) then [x —p|, |[x —p| =Ih, 0 <9 =9() <1, because of (8)
Th. 1, 85.2. In this case, the argument to obtain

IR(x,p; —x?)| < Ml.inf(l/;(, e_llz(/pv;>
is similar to the one we use in next point b) since we can write
2[R (x, p; —x*)| < Ko(rlp — x1) + Ko (AP — xI) < 2K, (9h).
We obtained,
a)Forx € L,, p € B! aconstant T = T(J) € [2,0), M, = M, (h) € (0, ), we have

(21) IR(x, p; —x?)| = d/2m < M, inf(%,e‘xl(p)/T).
NB. In particular, when J = J, we get (18)
forp € F,, x € J,with M = M(h), T = 4.
N £ -
I,H\"-\ ————— f " The cases a)-f) are schematically depicted in
N ’ hil l'-_ _.-"Ir .
N x * v /1 thefigures at the left.
L J:"
’ Let us prove part 2).
K ' b) If m#nnt1, x€]J, peh then
from |x —pl, lx —pl = h if h < 1, (84.1),
. and
\ .I;In_:]
e o/ 2n|R(x, p; —x?)| <
.\_ s . s 5, __-". n
e < Ko rlp — x1) + Ka(lp — x1)
< 2Ko(xh),
we obtain

IR (x, p; —x*)| < e 2K (xh/2) < e HP2Ko (yh/2),

|R(x,p; —x?)| < i(;{he_%> (%KO (%)) =0 (}1{) Then,

l(p)
22) IR(x,p; —x?)| < M, inf()l(,e_%)

c) For p € 3 we have p,p € J'/3.

If x € ]n+1\]n,h orx € ]n—l\]n,h then,
lp — x|, 1p — x| = 2h/3.
In fact, [p — x| = dist(x, J,,) — dist(p,J,) = h — h/3.

Now we can argue as in b) obtaining

1p)
(23) R, p;—xH)| < M, inf(i,e‘%)
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d) If p € E}*\Jps1n X € Jnsq then [p — x| = hand

d] N A 2h
p—xl=lp—x[-Ilp—pl=h—-—=h/3.
Therefore,
n+l )
P [ X (24) 2m|R(Cx,p; —x*)| <

h . 1 _Xip)
< Ko(rh) + Ko(2) < Mg inf(2,e™5").

e)lfpe Fnh/g\]n_l,h, X € Jn_1 then,asind), |[p — x| = h and
A A~ h
p—x=Ip—xl—Ip—pl>h-==h/3.
Therefore, for M, = M,(h), we obtain

xh . 1 _Xip)
(24) 2m|R(x,p; —x?)| < 2Ky () = M, 1nf<;,e 6 >
_h
f) From c), d) and e) it is clear that the sets {(p, X):pE€EENFi1n X € Jnsr n]n,h}
and

h
{(p, xX):p€FNFy 1p, X € Jny n]n,h} contain all the cases that

were not considered in a)-e).

Lemma 1 follows after collecting results, QED

Now we shall find a bound for R(x, p; —x?) in the exceptional cases, where the proof of
(18) in Lemma 1 does not work.
Without loss of generality we consider the case

h
(25) p € FnB n Fn+1,ha X E]n+1 n]n,h-

In this case, for h small enough, we have
LEMMA 2. 27| R (x, p; —x*)| = [Ko(xlp — x|) — Ko (1P — x| <
< KO((Zln+1(p))g_2)’

where L., (p) = dist(p, Jn+1) and g = g(J) € (1, ), (cf. (2) §5.1).
PROOF. We shall use the homeomorphism T treated extensively in 85, applied to L,,, in

a neighborhood of the corner 0,.,, (see Fig. 8). We suppose h is so small that

Theorem 0 85.1 applies to By(0y4+1) 2 Jn+1 N Jnn, (b = qh). This is possible because

of (1) §4.1. If p € E}'® N F,1, and p = T (&) then by the construction of T, p = T(&).
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Since the angle of the curve J at 0,,, is less than m, if h is small enough, the arc

]n+1 n]n,h

does not cross L, and so, if x = T(n), we have |£— 7| < |E— 77|. Using formula (2) 85
we get [p — x| < gl&— nl < g|&— 1| < g*1p — xl.

Then,

(26) i1 () < Ip — x| < g*1p — xI.

But |Ko(zlp — x1) — Ko(rlp — x| < sup(Ko (xlp — x1), Ko (21D — xI)).

Since K, is a decreasing function, using (26),

1Ko (el = x1) = Ko(rlp = xD1 < sup (Ko (2 1)), Ko(tlns1 (0)/97)) <
< Ko(ne1(0)/9%), QED.

COROLLARY 1. Letz € Jand 1< n < |d|.

We have, for a certain constant T = T'(J) € [2,%0):

~h . of1  _X®)
a)forp € F, /3\{]n+1,h UJn-in) IRED;—XDI<M mf(;,e T )

"'h/3 U(p)

b) for p € £y 0 Fugan, [RGps =29 < Minf(2,e™7) + Ko (29 @)

In fact, b) follows from Lemmas 1 and 2.

Since R(z,p;—x%) = H(z,p;—1*) — Ko(xlz — p|)/2m is a y-harmonic function of
z € D, the maximum-minimum principle for these meta-harmonic functions implies that
the next bounds hold, forz € D, T = T(J) € [2,0), 1< n < |d]|,

1 X ~
R =) < Minf(2,e™). p e B \(nian Ui} (ol +1= 1)

l(p)

. 1 - _ -
IR(z,p; —xH)| <M mf()—(,e T ) + Ko(29 2las1 (@), P EEM NFpyip.

In particular, for z = p we get
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THEOREM L.1) [H(p, p; —7*) — Ko(zlp — p1)/27] < M.inf(1/7,e7%'®/7),

fOI’ p € Fnh/3\{]n+1,h U]n—l,h}1

2 1H(p,pi ) — KoCrlp — p1)/2m] < M.inf (1/ 7,67 ) + Ko(29 s ()

h
for P € F;f N Fnil,h!

3) If |o| = 0 then 1) is valid for p € Fj,.

Observe that all p € Fr were considered whenever h is sufficiently small. And only
3

once, except for those of a set of measure zero, (cf.84.2), that were considered twice.

Next, we shall use the bounds of Theorem 1 writing h instead of h/3.

6.3. A bound for th R(q,.q;—x*)dq.

The absolute value of the integral is not greater than

l(p)

(27) fph|R(P:Pi -7A)|dp < th M. inf(l/;(,e_lT> dp +

+X [, Ko @) dp + X fp e Ko(rg ™ ln-1(p)) dp.

Using Steiner’s theorem, |{p: [(p) < t}| < ((J) + m)t, we have

n+1,3hN

_A®) M
Jp, |R@p; =)l dp < [, Me™ T Iyg)> dp + thzl{z(p)«} dp +
20 (fr, oip KoGI 2 lsa @D dp + [, e Ko(rg 2 la(p)) dp)| <
M &1
< MIDle"T + = [{p:l(p) <} + [ -] < M{lDle T +-() +7t)t} +[Zn ]

Taking t = glog;(z, x> 1, wegetfor M = M(1),

(28) Jp,JR®,p; =)l dp < M {')%' + %log;{z + ’;—flog;gz} +[Xn -]

If |o] > 0, the square brackets contain the sum of 2|a| integrals like

In = Jp. o Ko (2™ lns1 (P)) dp.

1@ sin(g), (see Appendix 1). Then,

“0n+1 |p—0y4q| =

But, for p € Fy13, NE, lim inf,,
given csuchthat 0 < ¢ < sin(g), we can choose h so small that for p € Fy, 4, 3, N B,

ln+1(D)
_—" >
(29) ol =€
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Therefore,
(80) I < [o2 Ko(xg *lns1 (@) dp < [, Ko(xg~*clpl) dp <
<2m fooo Ko((cxg™Ht)tdr = &/ < 0.
From (28) and (30) we get
R 3=21dp < {2+ g 2+ iog 2} 4 25

In consequence, f |R(p,p, —)|dp = 0(10“2) Then, for y large enough we obtain

the first of the next inequalities for curved polygons. The second one follows from
(3) 86.
THEOREM 1. For C a constant and y > 1, we have

(BY  f,, IRp.pi-

h

Xxn
(32)  fpp, H(@ G —2P) g < IDIKy (x5) e 2.

(32) implies that fD\FhIHqu = o(1)e‘XT,;( T o0, as we have already observed.

6.4. Last steps of the proof of Lemma 1, §6.1. Next, we evaluate an approximation of
th H(p,p; —*)dp for y large enough.

PROPOSITION 1. 2= [ Ko(lp = B1) dp = 5-(Ja) + 0(D) 7.

PROOCF. thwdp (82) = _f(]n)dég f KO(ZZQZ )[ 6(51)62] dfz =

Un) h (&) (2h
= gfoj {;(foz YKo (t)dt — Ez ;2 fz “Ko(t)t dt}dg1

Since Ky (r) = dt and yh > 1, the last term is equal to

|\ e
I I Ko®de - - [ Ko(®) dedé, +0(1/22) =

= G I Ko®de + 0 e/ 7}, + 0(1/72) =

= (because of fO Ko(r)dr == Zand for y » 1) =

= g o) =

=240, QED
PROPOSITION 2. i) For p € E! \ E we have

(33) dist (p,Jn) = lp —Pl/2 = clp — Op44l, ¢ > 0.
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i) 2L [on KoOrlp =D dp = Z [ KoCrlp =B dp + 0 7).
PROOF. i) can be proved as (29) §6.3, (cf. App. 1).

i) In view of (33), fo KoCtlp = B1) dp = [ KoGrlp — BI) dp + E, with

(34) [Enl <2, ., KoO2clpDdp = 2x7% [, KoclpD) dp = 0(x™®), QED.

Thus, we have for y > 1, (cf. Prop. 4, §84.1 and (32)),

(35 I=1(*) = [, Ho,x;—x?) dx =
- thH(x,x; —x?) dx + fD\FhH(x, x;—x%)dx =
= Joa HOox =2 dx + [, H(x,x;—x?) dx =(14) §6.2 =
=Y [an H(x, x; —x*) dx + o(e™*"/%) = (16) §6.2 =
=Zn Jpn {R(p,p; —x* + W} dp + o(e™¥"/?) =842 =
= [, R pi =1 dp + 0 + Ty [ WD gy 4

o(e x/?) =

Ko(xIp—21) _
= thR(p;p, _XZ) dp +ZTL fﬁ#%dp + O(e Xh/Z) _

(31) =
—p 1 - .
= Zn [y Py + 0 (%57) + o(e™0"/%) i) Prop. 2
§6.4 =
- L _ A 1 log 7\ _
= 322n Jpn Koxlp =D dp + 0 (lz) +0 ( " ) = Prop.1,
§6.4 =

_ log x?
=T 0(—){2 ).
We obtained the
PROPOSITION 3. If y = x, > 1 then there exists a constant C independent of y such

2 5 NI
that |L(x?)| = |§_I(X )|@s C < .

Therefore, the proof of Lemma 1, §6.1, and those of Theorems 1, 2, §6.1, are finally

accomplished.
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7. APPENDIX 1. PROPOSITION. Let y be the measure of the interior angle at 0,,, 1,
JnJn+1- Then, P := {x € E; dist(x, Jy = dist(x, Ju41)} is a C* curve verifying that the
measure of the angle at the vertex 0,,,, between P and J,,,, is equal to y /2.

Let us verify this assertion using an implicit function theorem.

(1) P={x:x=y(s) +tn,(s) = z(w) + ™, (W)}

where {y(s):s < 0} is the curve J,, and {z(u): u > 0} is the curve J,,,, and

y(0) = z(0) = Opy1.

Here, ny,(s) = (=y2(s), y1(5)), n,(w) = (=2, (), 2, (W)).

The equation (1) can be written as

(2) {F(S, u, T) = yl(s) - T}}Z(s) - Zl(u) + TZZ(u) =0
G(s,u, ) = y2(8) + i(s) —z2(w) —12,(w) = 0

Then,
3) A(FG) _ ):’1(5) - T}:}.z(s) —Z:1(u) + T?:z(u) _
s |y,(s) + Ty (s)  —Zx(w) — 121 (w)
= (—31(Dz (W) + y,() 2, (W) + [+ ],
where

—51(0)Z2(0) + y,(0)2,(0) = —sin(mr —y) = —siny <0
and [---] = 0(1) because of
@) []1=3208)2(wW) + §1()Z1 (W) — y1(8)Z; (W) — Y, (s)Z, (u) +
+1(§2(s)7 (W) — 1 ()7, (W),
Applying Schwarz’s inequality, we obtain

(5) [ 1< 13+ 2@ + tliS)Z@W] < 2¢() +Tc()? = 0(1),
Thus %(0,0,0) # 0 and s and u are C* functions of 7 in a small neighborhood of
On+1, ([F]).

We can assume without loss of generality that (2;(0),2,(0)) = (1,0). Then,
y(0) = (= cosy,—siny), n,(0) = (siny —cosy).
From (1) we see that the equation of P is x(t) = y(s(7)) + tn,(s(z)) and we have, if

s=u=1t=0,

. {dm,u.r) = 51.(0) 2 (0) = 7,(0) = £,(0) 22 (0) + 2,(0) = 0

dt

HED = 5,(0) 2 (0) + 31 (0) — 2,(0) 22(0) — 2,(0) = 0

dt

(T -y0-20=0
That is, t T . Equivalently,

72(0) % (0) +3,(0) —1=0
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—cosy?(O) + siny —Z—u(O) =0
(7) Tds ‘ =
—sinyE(O) —cosy—1=0

E _ _ 14cosy cosy/2 % _ cosy/2 . __cosy/2
(8) dr (0) = siny ~ siny/2’ dt 0= cosy siny/2 tsiny = siny/2’
But,
d_x cosy/2

— v(0) ¥ _ . o _
ey y(0)—-(0) +n, (0) = pe— (cosy,siny) + (siny,—cosy) =

=1 Y sink
" sin(y/2) (COS 2’ sih 2)'
In consequence, the measure of the angle P J,,,; IS g , QED.

8. Appendix 2. In this paragraph, we consider regions obtained as an increasing limit of
sequences of special regions.
Definition 0. We will say that a region D has property P if there exists a positive

constant V such that its family of eigenvalues 4, (D) of the Dirichlet problem verifies

Q) XPAfE=—"——— L+ g(2), where g(z) is holomorphic on Re z > 0.

amz-1 8T z—3
Curved polygons € P with V = length of dD. The problem is:
Does the property P remain valid under limits of sequences of increasing regions that
have this property?
Definition 1. A region S will be called a feasible region if it is the increasing limit of a
feasible sequence S of regions:
S ={Dy}, D 1S, Dy © Dy,1, D, acurved polygon, such that sup, (/i) = «(S) < oo.
Since by definition a region is an open bounded connected set we have |S|=
limy | Dy | = supy|Dy| < 0.
Definition 2. For S a feasible sequence, x(S) := supy SUPs=corner |17k (S)I.
Example. An oval is a plane convex body, i.e., the closure of a convex region. It is possible to construct a
rectangle T consisting of support lines, that is, a rectangle circumscribed about the oval. Around any
corner of T the contour of the oval is a curve that, except for some segments on the sides, can be
described as a convex monotone function. Then S, the interior of the oval, is such that dS is a rectifiable
curve and it is the increasing limit of a set S of inscribed convex polygonal regions D, T S, D}, € Dy ;4.
The boundary J of S verifies (J,) — (/). Thus, the oval Sis a feasible region that admits a feasible
sequence S such that x(S) = 0, «(8) = (3S).
Feasible sequences. Assume S is a feasible region. We will use the following assertions
(see, for example, [BPII] Th. 3, Appendix part Il; Th. 7, 84.1; Ths. 1 and 3, 84.3; Th. 1,
84.4;Th.1,84.8. Cf.also [BP IlI] Th. 31) 86.1.1.)

1) For each n it holds that A,,(Dy) ! if k T oo and that 4,,(D;,) = 4,,(S).
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2) For the regions D, and S the variational and classical eigenvalues and eigenfunctions
coincide.
3) Foreachk, 0 < 1,,(D;) T o asn T oo but in such a way that Y3 A,,(Dy) 2 < oo.

4) The Green functions verify: G, T Gs, ||GDk||z =¥ 1,(D,)~? and
1Gsll3 = X An(S) 72
1)-4) imply that

@ 6o, TG and (i) 1 ()

An (Dk) An (5)

Therefore, we get the
PROPOSITION 1. If k = oo, it holds for each n,
3) An (D) 4 2, (S).
Then, for s > 1, X 1,(Dr) ™5 T X 4,(5)™° < o0, since 4,,(S)~cn, (H. Weyl’s theorem,
[BPII], Th. 2. 84.10). In consequence, we obtain the
PROPOSITION 2. The following limit holds almost uniformly on Re z > 1,
z=s+Iit:
(4) Yn=1An (D)™ == X1 An(S) 77
In fact, for fixed N, ¥¥ 1,(Dy)~% =XV 1,,(S)™? - 0 uniformly on compact sets of
Rez > 1.
For N sufficiently large we have for certain € > 0,
IZ%41 A (D) ™7 = Zs1 An(S) 771 S 2041 An(8) ™5 S 2841 An ()71 = 0
for N - oo, QED.

1
A5(D))

Therefore, M;(z) := (2;‘;;1 ) - % is almost uniformly convergent on Re z > 1 to

_ [wo 1\ sl v 1 _up _ .
M(z) = (Zn:lag(s)> —- Because of Pleijel’s theorem, —Sn(z_%) + g;(z) is almost

uniformly convergent on Re z > 1 to M(z) where g;(z) are holomorphic functions on
Rez > 0.

In particular, {gj (z)} is an almost uniformly bounded family on {Re z > 1}.
THEOREM 1. Assume S is a feasible region and that {gj(z)} is an almost uniformly
bounded family on {Re z > 0}. Then, there is a number V, the “virtual length” of 45§,
such that (/) = V and

(B) 2748 =

Isl v .
G- (e + g(z), g(z) holomorphic on Re z > 0.
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PROOF. Let {D;,} be a subsequence of the sequence {D;}. Then, for each sequence
Yo = {ji}, itholds on Re z > 1 that

© 91—z |Dji| Ui ;
6) X74%(D;,) - s =" vy + 9;,(2), g, holomorphic on Rez > 0,
2

and there is a subsequence of y,, y; = {jik}, such that {Ujik>} converges to a certain

positive number V because of the definition of a feasible region.

(If S is an oval it is possible to choose S in such away that V = (J) = lim T (J).)

Because of the Stieltjes-Osgood Theorem, ([SZ]), {gjik(z)} converges through a

subsequence of y,, y, = {jikl}, almost uniformly to g(z), a holomorphic function on
Rez > 0: g9(z) =limg; (2).
a.u. " kg

(If a meromorphic function on Rez > 1 is of the form i1 + B(z), A a constant and B(z) a
P
2

holomorphic function on Re z > 0, then A and B are uniquely determined. From this we know
that V and g do not depend on the subsequences y,, y, chosen.)

In consequence, the right-hand side of (6) converges almost uniformly to

-V

(7 =+ 9g(z) on Rez > 1/2.
8r(2-3)
Therefore,
o) - |Dj| -V H
4 —
Yo 1 A:%(Dy) prrory i o) + g(z) almost uniformly on Re z > 1.

Then, on this half plane,

V. e g-zpey ISl v.oo_
(8) M(Z) + 811'(2—%) — 4n=1 An (S) 4m(z—1) + 87'[(2—%) g(z),
with g(z) holomorphic on Re z > 0, QED.

9. Appendix 3. If D is a curved polygon, then S(z) := 1" 1%, where {1;,%(D) : n =

1,2,...} is the family of eigenvalues for the Dirichlet problem, is well defined on

Rez > 1.

If z=s+ it then S(2) = S(z) and S(5s) is real.

The meromorphic function M(z) = bt 9 il verifies these same properties.
4t z—-1 8 z—3

Since S=M+ g on Rez>1, (g(z) is holomorphic on Rez > 0), g also verifies
g(2) = g(z) on Rez > 1. It can be proved that its continuation g to Rez > 0 must

have the same property.

33



But, X(z) = M(z) + g(z) on Rez > 0 is the analytic continuation of S to Rez > 0.
Then, X (z) also verifies this property and X (s) is a real number except for s = % 1.

If we consider Neumann’s problem* for he Laplacian in a plane Jordan region D with a
C? regular boundary J and if {I,, = 1,,(D) :n = 1,2, ... } is the family of eigenvalues then

pr= L4 DL () = Mu(2) + f(2).

on Rez > 1 it holds that Sy (z) ==

41T z—1 s

Here, again, f(z) is a holomorphic function on the right half plane and
Xy(2) = My(2) + f(2) on Rez > 0, is the analytic continuation of Sy to Rez > 0.

Because of the signs of the residues in My, from Darboux’s theorem it follows that there

isanx € (% 1) such that X (x) = 0.
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SYMBOLS and DEFINITIONS

A, eigenvalue 86

E partial strip Def. 3, 84
Jr, R@.a;:=7*) dq 3.3

A; ,A'; intervals 83

B4n(01) §6.2

Fy, interior strip, Fy, j, , B Notation §4
I §1

(J) length §2

Jo closed arc, J,, openarc, J2, . » Notation 84
K, 86

L, open arc 83

M, M, 85

IT(D =T =15— 7l 85

X, P, symmetric points Def. 2, 84
Yir Vir Vi 82

Curved polygon Def. 4, 83
h 84, 84.1, NB §4.4, etc.
Homeomorphism 84

Irregular boundary point Def. 1, 83
Local coordinates 82
Minkowski neighborhoods 84.4
Positive side of ], 84

Proper cuved polygon Def. 3, 83



Regular boundary point Def. 1 83

Singular point Def. 2 §3
Spectral Dirichlet series 86

B = ‘;((2’;22)) jacobian matrix (17) 82

D,|D| 81

F(p, ), F(p,q; 1) 86
H(p,q),H(p,q; 1) 86

1A §6.1, (15°) §6.2
J(8) strip §2

LG (4) 86.1

N(A) the counting function 86.1

P(i+1), QD) ii) §4.1

P(7) §4.2

QUxD 86

R(x,p; —1%) (6) §6.2, (18) §6.2
T(Q), T(Q) 85.1

T(& map (1) 82
Wazewski 85,7

c(&,) curvature (1) §2

c(), RY) =1/c()) Def. 1, §4
fO) §4.1
fw),wec Notation §86.1
not to be confused with £(.) of §4.1

q def. Proof of Lemma 2, §86.2

q=q() §6.2



x=y(&) + &m(g)
B

o,lo]l

o ={s1, e, S|}

S|, vV

A comment
Hypothesis (H)
Family almost uniformly bounded
Generalization

Ovals

q(t)

9(2)

GDk' GS

1 ~
o Jen KClp = ) dp

§4

85

§3

§3

§8

§8.2

§8.1
Prop. 2, §8
§8.1

88, (1) 88
(7) §6.1
(12) 86.1
§8

86.4
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